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Forword

This second volume of the series Lecture Notes in Applied and Computational
Mechanics is the second part of the compendium of reviewed articles presented at
the 11th EUROMECH-MECAMAT conference entitled "Mechanics of microstruc-
tured solids: cellular materials, fibre reinforced solids and soft tissues", which took
place in Torino (Italy) in March 10-14, 2008, at the Museo Regional delle Scienze.
This EUROMECH-MECAMAT conference was jointly organized by the Diparti-
mento di Matematica dell'Universita di Torino, Italy and the INPL Institute
(LEMTA, Nancy-Université, France). Prof. Franco Pastrone and Prof. Jean-Frangois
Ganghoffer were the co-chairmen.

The conference brought together 50 scientists from 11 European countries, and
was aimed at defining the current state of the art in the growing field of cellular
and fibrous materials in Europe. Participants had interests in the constitutive mod-
els of micro-structured solids, non-linear wave propagation, setting up of models
and identification of fibre reinforced solids, and soft tissue behaviour in a biome-
chanical context.

The conference covered most of the mechanical and material aspects, grouped
in the following four sessions:

¢ Fibre reinforced materials;

e Soft biological tissues;

e (Generalized continua: models and materials;
e Non-linear wave propagation.

The high quality talks showed a good balance between modelling and material
aspects. An important part of the colloquium, with 12 presentations, was devoted
to various aspects of the biomechanics of soft tissues, such as cell adhesion, con-
stitutive models of soft tissues (brain; arteries), or models of blood flow.

Beyond the scientific reports and the poster presentations, many informal ex-
changes were possible mainly during the coffee breaks and the lunches, according
to the scope and the spirit of Euromech Colloquia and Conferences. Surely the
meeting stimulated current researches and often the discussions were lively, in-
formal and penetrating.
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Linear Elasticity with Couple Stresses

Manfred Braun

Summary. The linear couple-stress theory of Mindlin and Tiersten is re-
formulated allowing also for dislocations and disclinations. The governing
equations are compiled in form of a Tonti diagram.

1 Introduction

The linear theory of elasticity is based on the assumption that only the sym-
metric strain tensor is responsible for strain energy and stress in the body.
The skew-symmetric part of the displacement gradient represents a rigid-
body rotation of the material elements and, according to the principle of
material frame indifference, must not occur as an argument of the constitu-
tive equations. The simplest generalization of ordinary elasticity theory is to
include the gradient of the local rotation as a source of stress and strain en-
ergy, see [3]. This means that strain energy may depend not only on first-order
derivatives of the displacement field but also on some derivatives of second
order. In this sense, the theory of Mindlin and Tiersten can be interpreted
as a “higher-order gradient theory” in which, however, only the gradient of
the rotation but not the gradient of strain is considered.

The aim of this paper is to reformulate Mindlin and Tiersten’s theory, and
to provide a systematic compilation of the governing equations. Following
Tonti [4] the equations are arranged in a diagram which points out their
interrelations and reveals the duality between geometric and stress equations.

2 Geometry of Deformation

The theory starts from the displacement field w(x) within the body. Its gradient
U=Vu (1)
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2 M. Braun

is decomposed into its symmetric and skew-symmetric parts,
U=FE+wxI, (2)

where 1
E =symU and w:2I><U (3)

denote the symmetric strain tensor and the rotation vector, respectively. The
outer products w x I and I x U are understood in the sense of de Boer [2].

In classical elasticity theory, strain energy and stress depend on the strain
tensor E only and must not depend on the rotation vector w, as this would
contradict the principle of frame indifference. However, the gradient of the
rotation vector may occur as an argument in the constitutive equations.
Therefore the structural curvature tensor

K =Vw (4)

is introduced. Strain energy, which now should be called “strain-and-curvature
energy”, is assumed to depend on both the symmetric strain tensor E and the
structural curvature tensor K which, in general, has no inherent symmetry

property. Since w = é curl u, the curvature tensor is deviatoric, i. e., tr K = 0.

3 Constitutive Equations

In the classical linear theory of elasticity, the strain-energy density is a
quadratic form in the strain components. If the structural curvature ten-
sor (@) is considered as an additional argument, the strain energy is provided
by the quadratic form

1
W= 9 (Aijii Eij By + 2Biji Eij Kig + Ciji K Ky - (5)

The coeflicients A;jr, Bijri, and Cjji have different physical dimensions and
satisfy certain symmetry relations. Since E is symmetric and K is deviatoric
there are 105 independent elastic constants, in general. The 21 constants of
standard anisotropic elasticity, A;;xi, are complemented by 48 constants B;jx
and 36 constants Cjjp.

In the isotropic case, the elasticity tensors are expressible in terms of 5 inde-
pendent material parameters, in general. Another assumption about material
behavior is centrosymmetry, which means that the strain-energy density is in-
variant under a central inversion  — —a of the material points. Under this
transformation the strain tensor keepsits sign, E — E, while the structural cur-
vature tensor revertsit, K — — K. Invariance of the strain energy under central
inversion requires B;;z; = 0. If the material is both isotropic and centrosymmet-
ric as will be assumed in the sequel, its strain-energy density has the form

1 i} i}
W=, /\(trE)2+2uE-E+ﬁ1K-K+ﬁ2K-KT] (6)

with only 4 relevant elastic parameters.
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4 Equilibrium Conditions

The total strain energy of a body B is
H:/W(E,K) dv. (7)
B

In a state of equilibrium, it attains a stationary value with respect to varia-
tions of the strain and curvature fields, E(x) and K (x), satisfying the geo-
metric equations (), [B) and ), along with suitable boundary conditions.
The restrictions can be incorporated into the strain-energy functional by use
of Lagrange multipliers. Thus instead of (), the augmented strain-energy

T = / (W(E,K)+T- (gradu—U)+S- (symU — E) +
B
+t (axU —w) + M- (gradw — K)| dV (8)

is introduced, with the symmetric tensor field S, the tensor field M, and the
axial vector field ¢ as Lagrange multipliers.

Using partial integration the variation of the augmented strain energy is
obtained as

SIT* :/ (6u-T + 6w+ M) da +
OB

-l-/ [<S+ ;th—T) 0U — (divM —t) - dw — (divT) - du +
B

ow ow

-S| -0FE —M | -5K| dV. 9

+(op =) 08+ (o - ™) o] )

If no volume force is impressed within the body the volume integral has to
vanish identically for arbitrary variations 0 F, 0K, U, du and dw.

The variations 6 E and § K yield the constitutive equations
ow ow
= M = 1

S OF and K’ (10)

which identify the Lagrange multipliers S and M as the symmetric stress

and the couple stress tensors, respectively. From the variation U the decom-

position of total stress 1
T=S+ 2t x I (11)

into its symmetric and skew-symmetric parts is obtained. The variations du
and dw result in the equilibrium conditions

divI=0 and divM +t=0 (12)

of stress and couple stress, respectively.
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The variation of strain energy under the geometric restrictions (B]) and (@)
has brought forward the constitutive equations (), the decomposition of
stress (), and the equilibrium conditions (I2) thus completing the set of
governing equations.

5 Navier’s Equation and Kelvin’s Problem

Navier’s equation is the partial differential equation that governs the displace-
ment field w. In classical elasticity theory it is a partial differential equation
of second order. By taking into account couple stresses the order is enhanced
to four.

The constitutive equations for stress and couple stress in an isotropic,
centrosymmetric material are obtained by applying (I0) to the strain-energy
density (@) which yields

S=\NtrE)YI+2uE and M =K + i K". (13)
Inserting the definitions of strain and curvature one further obtains
S = Mdive)I + pVu + pu (Vu)',

(14)
1_ 1_ -
M = 2ﬂ1chrlu+ o F2 (Veurlu) .

The equilibrium of forces, ([[2);, pertains to the total stress (IIJ) composed
of the symmetric stress S and the antisymmetric stress ét x I. Recalling the
equilibrium of couple stress, (I2)2, yields

div(t x I) = — curlt = curldiv M. (15)

By inserting the explicit representation of the stress and couple stress tensors,
(), one finally obtains Navier’s equation in the form

1_
A+ Vdive+pdut A (Vdive - Au) =0. (16)

The first two terms correspond to the classical Navier’s equation. The gener-
alized version contains only one additional material constant fi1. The number
of independent parameters in ([IG]) can still be reduced. Division by the shear
modulus p yields

1
1_2VVdivu+Au+€2A(Vdivu—Au):0, (17)

with the new material parameters

A 2 M2
= — . 1
v 2N+ 1) and /¢ ) (18)
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In addition to Poisson’s ratio v a length scale £ occurs in the final form (I7)
of Navier’s equation.

Kelvin’s problem consists in finding the displacement field in an elastic
space loaded by a concentrated force acting at the origin. Thus the displace-
ment field u(x) has to satisfy Navier’s equation (7)) everywhere except at
x = 0. Due to the linearity of the underlying theory, the displacement field
can be assumed in the form

u=G(z)P, (19)

where P denotes the force vector applied at the origin. The Green’s tensor G
must be an isotropic tensor function of the position vector . Its most general

form is
1

G(x) = s

()] +(r)e®e+ x(z)e x I, (20)

where 1
x=|x] and e= (21)
x

denote the length of the position vector and the unit vector aligned with it.
If the material is centrosymmetric the last term in (20) vanishes, x(z) = 0,
because the force P cannot generate an axial rotation.

The functions ¢(x) and ¢ (z) must be of physical dimension 1/Length.
In detail they have to be determined from Navier’s equation (7)) and inte-
grated boundary conditions at a sphere surrounding the origin. A lengthy
but straightforward calculation yields the functions

1 2 A x
plw) = x [1_C+m2 a (1+m+x2)eXp (_6)]

1 302 3¢ 307 x
Vi) = x [C_ x2 + (1+ x i x2>exp(—€>]7

1
c= 23
4(1—v) (23)
denotes a dimensionless constant. For vanishing scale factor ¢, the functions
are reduced to the well known result of classical elasticity.

where

6 Compatibility Conditions

The displacement field w(x) is obtained by integrating the displacement gra-
dient U = E + w x I. The integral has to be path independent, which
means that

/(E+wa)dm:0 (24)
c
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has to hold for any closed path C = 0.A. Using Stokes’ theorem

/ (E4wxI)de= / [curl E + curl(w x I)]" da (25)
9A A

the path integral is transformed into a surface integral whose integrand has
to vanish identically. Using the identity

curl(w x I) = (divw)I — gradw = (tr K)I — K, (26)

one arrives at the first compatibility condition
1
K =curlE — 9 tr(curl E) = curl E. (27)

The last equality is due to the fact that tr(curl E) = 0.
In a similar way, the rotation vector is obtained by integrating the struc-
tural curvature K. To make the integration path independent the condition

/Cde:O (28)

has to hold for any closed path C = 0.A. Applying again Stokes’ theorem
Kdx = / (curl K)" da (29)
0A A

one obtains the second compatibility condition
curl K = O. (30)

It ensures that there is no closing error of rotation, while the first compati-
bility condition (27)) ensures that there is no closing error of displacement.
The compatibility conditions (27)) and ([B0) can be combined into one com-
patibility condition
inc E = curleuwrl E = O, (31)

where inc denotes Kroner’s incompatibility operator. The compatibility con-
dition has the same form as in classical elasticity. The geometry of deforma-
tion does not depend on which of the fields may serve as an argument of the
strain-energy function.

Further identities can be obtained by allowing closing errors of displace-
ment and rotation. The dislocation and disclination densities,

A=(cwlE)" +Ix K and @ = (cwrlK)", (32)

have to satisfy the compatibility conditions
divA4+Ix©® =0 and divO =0, (33)

see [I]. These conclude the equations describing the geometry of deformation.
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7 Stress Functions

The representation of the stress and couple stress tensors by stress func-
tions is intimately connected with the compatibility conditions. In a state
of equilibrium, the strain energy (l) attains a stationary value with respect
to variations of E(x) and K (x) satisfying the compatibility conditions as
constraints. If dislocations and disclinations are permitted, the variations of
the fields E, K, A and © are restricted by the equations (82)) and (33]). In
the same way as in (§) an augmented strain energy

I+ :/{W(E7K)+JI- [A— (curlsym E)"T — I K| +
B
+&- [0 (cwlK) | +4- (divA+1I x O)+¢-dive} dV(34)

is formed, where the restrictions are incorporated by using Lagrange multi-
pliers ¥, &, ¢ and . From the variation of the augmented strain energy
B4), after applying partial integration, the governing equations of the La-
grange multipliers can be read off. Thus the stress and couple stress tensors
are represented by

S =sym(curl@)" and M = (curl®)" + I & (35)

in terms of stress function tensors ¥ and @. A stress-free state is generated
from the stress function tensors

®=gradp+Ix1 and ¥ =grada. (36)

These representations are the duals to the identities [B3]) satisfied by the
dislocation and disclination densities.

8 Tonti Diagram

The governing equations of linear elasticity with couple stresses can be subdi-
vided into (i) the geometric equations presented in SectionsPland[@ and (ii) the
stress equations presented in Sections@and[7l These two threads are connected
by the constitutive equations of SectionBl Compiling all equations systemati-
cally leads in a natural way to the Tonti diagram as depicted in Figure[Il

Not all of the equations in the Tonti diagram have the same relevance. Since
a state of zero stress is not of any interest one should omit the representation
of the stress function tensors @, ¥ by the vector potentials ¢, @ on the
lower right of the Tonti diagram. (The stress functions themselves may be
regarded as purely auxiliary quantities without any descriptive mechanical
interpretation.)

If one allows for a continuous distribution of dislocations and disclinations
the notions of displacement and rotation lose their meaning, at least they
are not uniquely defined as vector fields. In this case, the upper left part
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oo

7
—div T
?41—@ 2 (B )] < 1: RN

S(E,K)

(curl E M(E,K) sym curl & —divM

¢ l ~
IxK 4 Ixxw

i ? T )

(Curl div A “ (curl ®)"

*é @t}
©

Fig. 1 Tonti diagram

of the Tonti diagram has to be omitted such that the geometry starts with
the strain tensor E and the structural curvature tensor K as the indepen-
dent quantities. In Figure [Tl these “irrelevant” quantities and equations are
depicted in gray.

References

—_

Anthony, K.H.: Die Theorie der Disklinationen. Archive for Rational Mechanics
and Analysis 39, 43-88 (1970)

de Boer, R.: Vektor- und Tensorrechnung fiir Ingenieure. Springer, Berlin (1982)
Mindlin, R.D., Tiersten, H.F.: Effects of couple-stresses in linear elasticity.
Archive for Rational Mechanics and Analysis 11, 415-448 (1962)

4. Tonti, E.: On the mathematical structure of a large class of physical theories.
Atti della Accademia Nazionale dei Lincei, Serie Ottava, Rendiconti, Classe di
Scienze fisiche, matematiche e naturali 52, 48-56 (1972)

w N



Vectorial Microstructures:

Applications to Fabrics and Granular
Media

Franco Pastrone

Abstract. Textile fabrics and 2D granular media can be modelled by means
of non-classical nonlinear elasticity, in particular using the theory of vectorial
microstructures. The field equations are obtained via a variational principle
and suitable constitutive relations are given in both cases. The microstructure
takes into account the micro-ondulation of the fibres in textiles and the grains
in granular media.

Keywords: Complex materials, nonlinear models, microstructures, textiles,
plane granular media.

1 Introduction

In this presentation two examples are provided of possible applications of the
theory of nonlinear complex materials, within the framework of non-classical
nonlinear elasticity, namely textiles and to 2D granular media.

The model of complex material is restricted here to the so called vectorial
microstructures, which can encompass many relevant models, like Cosserat
media, granular solids, micromorphic bodies, solids with micro cracks, tex-
tiles. Some interesting results have been obtained in the 1 dimensional case,
when a scalar function describes the microstructure and both dispersion and
dissipation can be taken in account, within, obviously, the nonlinearity of
the constitutive equations, such that the field equations result in non linear
PDE’s. A wide class of phenomena can be described by means of microstruc-
tural models of solids and fluids, where the microstructure can be described
by vector fields over the body. In principle, there are no restrictions on the
number of vector fields, which are unknown variables of the problem, but

Franco Pastrone
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Via Carlo Alberto 10, 10123 Torino, Italy

e-mail: [franco.pastrone@unito.it
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10 F. Pastrone

there are obvious restrictions due to the possible physical meaning of each
vector field. In the Section 2 the field equations and the constitutive rela-
tions of an elastic solid with microstructure are obtained. In the Section 3
is introduced a suitable model of a textile fabric, in which the vectorial mi-
crostructure is related to the microondulation of the weft and the warp. We
assume that the fabric is a surface with bending stiffness and in which the
effects due to the microundulations of the welft and the warp are taken into
account. In the Section 4 we apply the model with microstructures to plane
granular solids, and again non linear field equations are derived.

2 The Field Equations

Let B be the body, considered as a manifold embedded in a 3-dimensional
affine space, X a point of this body in its reference configuration C*, and x the
corresponding point in the actual configuration C. As usual, the displacement
is given, in terms of the position vector r = r(X",#) = x — 0, 0 a fixed point
in the physical space and R = X — 0, by u = r — R. Commas denote partial
derivatives with respect to X" and superposed dots denote partial derivatives
with respect to time, e.g.:
_Ou . Ou

) I
By microstructure, we mean that at each point x € C' it is possible to apply a
microscope and discover a “small world”. We assume that this “small world”
is a manifold of dimension n, and we label this micro-manifold by M,. By
means of a mathematical procedure, elsewhere called “magnification process”
(see Pastrone [I0 1Tl [13]) which generalises the linear model by Mindlin
(1964), one can associate to this microscopic world a set of vectors,

dg =dg(X"t) K=1,2,..,N

Such vectors can be called “directors”, according to the usual language of
polar continua, and they are apt to provide a description of some properties
of the microstructure as they act at the macroscopic level.

The kinetic energy of a microstructured body is defined as a quadratic
form in the velocities r, dg:

1 . . i
T=, (pf~1’“+2pH1'~-dH+pHKdH~dK) (2.1)
where p, pf1, pH K are functions of x and t: '
T is a definite positive quadratic form: >0, T =0<r1r=d = 0.
Hence, without any loss of generality, we can reduce it to a diagonal form:

1 . )
T= (r Sy L dK) (2.2)
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where p is the mass density and IX represents the inertia form of the
microstructure.

If we deal with a Lagrangian formulation, p and I are defined on the
reference configuration, hence they are functions of X only.

Let us assume that the body admits a generalized stored energy density:

W:W(I')h7dH7dH’J7X) (23)

which is related to the total mechanical power expended of any motion
through the equation:

b AW _OW oW oW
= a ~ Ory RPN P odm

oW oW ow
orp’ 0dy ' Odm,s

b ;. (2.4)

where 1 p; dp; dg s are the strain velocities and repre-

sents the generalized stresses.
We will also take in account conservative body forces such that there exists
a potential

Wy = Wy (r,dp, X)
hence the power of the body forces is given by:

owy, . oWy
b _ . .
PT — 81‘ r + 6dH dH

We can drive the fields equation via an usual variational principle, namely
requiring that the motion of the body in a certain interval of time [to, t1] will
make to vanish the energy fnctional, among all admissible motion:

e- [ UB(T CW = Wy)dv | dt. (2.5)

to

The corresponding Euler-Lagrange equations read:

oW oW, daT
(ar,i) . Oor  dtor
’ (2.6)
oW oW oW, d aT
(8dH,i>’Z C0dy  ddy  dt ody

In general, physically, the microbody forces are different from macrobody
forces, hence we can split W}, in two parts:

Wy, = Wimeere(p, X) + W (d g, X) (2.7)

In (2.7) Wyreere(r, X) represents the potential of the macrobody forces, while
Wymiere(dy, X) represents the potential of the microbody forces, since we
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assume that both forces be conservative. Let us remark that the macroforces
depend on the position vector and the microforces on the microvector fields.
Both can depend on the material coordinates.

From a formal point of view, we can recover the field equations in a clas-
sical form (Euler equations) introducing a set of forces, coupling moments,
generalized forces and moments as follows:
oW ow o ow

%

7= 87“71‘ 1 - 8dH,z P T = _8dH
‘ (2.8)
B _ _8Wb7nac7‘o . micro _ _6Wl;”ﬂlc’l‘0
or P oA BdH

The balance of moment of momentum, which in the classical theory implies
that the Cauchy stress is a symmetric tensor, leads in our model to the
algebraic equations:

rixo —dg x 7 +dy; xni =0 (2.9)

In order to obtain (Z3]), as proved in details in [I0], we make use of the
objectivity of W:

W(r;dp;dy;; X) = W(Qr:;; Qdy; Qdp s X),  VQ € Orth™.  (2.10)

Hence, the stresses are not all independent, and we can imagine to express,
for instance, 77 in terms of o’ and nf?, as done explicitely in the case of
Cosserat media.

Moreover it is clear that o = Uijei®ej = a’i®ej is a non symmetric tensor
and it follows that also the corresponding Cauchy tensor is not symmetric.

3 Particular Models. I: Textile Fabrics

A particular case of the model presented in the previous section is the model
of a textile fabric in which the vectorial microstructure is related to the
microondulation of the welft and the warp.

We want to focus our attention to the theory of inextensible networks, in
particular in the case in which a set of inextensible fibers forms a surface
with bending stiffness and in which the effects due to the microundulations
are taken into account, such that we can model the static behaviour of textile
fabrics.

In 1986, Wang and Pipkin [I6] formulated a theory of inextensible nets
with bending stiffness. The resulting continuum theory is a special form of
finite-deformation plate theory in which each fiber has a bending couple pro-
portional to its curvature.
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In 2001, a theory of bending and twisting effects in three-dimensional de-
formation of an inextensible network is presented by Luo and Steigmann [7].
They derive the Euler-Lagrange equations and boundary conditions by us-
ing the minimum-energy principle. (A simplified version of these equations
represents the equilibrium equations obtained by Wang and Pipkin [16].)

In 2008, G. Indelicato [4], Bl [6] developed a more general model, which en-
compass the two previous models and introduced the microondulation as well.

The aim of this work consists of finding the equations that express the effect
of the shearing, the bending and also the microundulations of the fibers on
the deformation of the sheet. Field equations are obtained via a variational
principle. The strain energy density is written in an additive form, such that
the contributions due to shearing, bending effects and microundulations are
taken into account separately.

3.1 Inextensible Fibers, Constitutive Hypotheses

We consider two families of inextensible fibers forming a surface that initially
lies in a region B of the (x,y)-plane. We assume that initially the first family
of fibers, D,, stays parallel to the x axis and that the second family of fibers,
D,, stays parallel to the y axis. We suppose that fibers are continuously
distributed so that every line x=constant or y=constant in B is regarded as a
fiber. Each fiber is permanently identified by its initial coordinate, x or y. We
suppose that cross-sections of each fiber remain plane, suffer no strain, and
are normal to the fiber in every configuration (Bernoulli-Euler hypotheses).

We denote the position in the current configuration with r(x,y), namely
the point of the fibers that initially lies in the position (x,y) moves to the
place 7(x,y) in three-dimensional space.

Let

D, = g; —r, D= g; =r, (3.1)
be the tangential vectors to the curve occupied by a fiber y=constant and
x=constant, respectively, when the sheet is deformed. We postulate that no
part of any fiber can change its length in any admissible deformation so the
vectors Dy and D5 are unit tangent vectors [I4]. Since x and y are the arc
length of the D, and D, lines, Frenet’s formulas allow us to attach to each
fiber the normal vector n and the binormal vector b, hence for the fiber D,
the triad {D1,n1, by} satisfies:

0D
=K
oz 1
0
"~ KDy + by (3.2)
Ox
0by
=-—mn

ox
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with K7 the principal curvature and 7 the torsion of the D, line. Similarly,
for the fiber D, we introduce the Frenet triad {Ds, 12, ba}.

The sets of fibers D, and D, are related through the angle of shear ~, that
is defined by the relation

v=D; D,

this angle describes the local distortion of the sheet.
Moreover, we introduce the normal vector:

D1 X D2
|D1 X D2|

On the other side, if we consider the textile fabric at the microlevel, we can
recognize the microundulations due to the weawing of the warp and the welft.
We suppose the microcurvature be constant along each ondulation.

Setting

N =

77[’1 = kl /27
with k1 microcurvature of the first set of fibers, the local stretch in the di-
rection of D; becomes:
sin i

U

&1 = 1
We introduce the director
d1 = €1D1 (33)

associated to the first set of fibers, (similarly for the set of fibers D we
introduce the director ds = £2D5).

3.2 Field Equations

In the previous model, the strain energy density is supposed to be a function
of:

rp, dHa dH,ja X7
since we are interested in the bending of the surface, the strain energy func-
tion must some how depend on the macrocurvature of the fibers (i.e. the

second derivatives of the position vector). Consequentely, we suppose the
strain energy density to be a function:

W = W(r 2,7 ;T aw; Ty disdo; di g5 do s 23 y) =

9D, 0D,
ox = Oy

(3.4)
sdy;da; Och Ody, . ) .

W<D11D27 8557 8y1xay
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Let us remark that W also depends on the second derivatives of r because
we want to take in account higher order effects. We assign the strain energy
density in an additive form, such that there is no coupling between shearing,
bending and microundulations.

W =Wo(r,-ry)+ éF(rvm T T Tyy Tyy)t

(3.5)
1
+2(A1d1 ~dy + Aady - dy + Bidi i - di o + Baday - day)

where I is the same positive constant for all the fibers, namely the stiffness
coefficient.

The energy component Wy is due to the shearing stress, hence it can be
assumed to depend on the angle between the fibers D, and D,, namely Wy
is a function of D - D4 only; the second component of the strain energy is
associated to bending, it is a quadratic form in the fiber macrocurvatures; the
third component of the strain energy is associated to microondulation and
local macrostretch. Expression (B8] can be written in the following explicit
form:

W = W(siny; Kq; Ko 15625 €1,0;€2,y) =
. 1 2 2 1 2 2
= Wo(sinvy) + 2F[(k1) + (k2)7] + 2(A1(€1) + Ag(e2)?)+ (3.6)

1 1
+231[(€1,w)2 + (1K) + 232[(52,y)2 + (e2K2)?).
The kinetic energy reduced into diagonal form is:
1 ) )
T= (f~1’~+IHKdH~dK) (3.7)

with p the body mass density and I7X is a kind of inertia tensor.
The total energy is given by:

E:/S(T—W)dA

with S the surface formed by the inextensible fibers.

Leaving apart the problem of the boundary conditions, the field equations
can be derived via a variational principle as the Euler-Lagrange equations of
the functional:

5:/tol [/S(T—W—ulDl.Dl_1)_(A2D2.D2_1))M i (3.8)
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with \; the Lagrange multipliers associated to the constrain of inextensibility
of the two sets of fibers:

D, -D; =1
(3.9)
Ds-Dy=1.
since D; = r;, the Euler-Lagrange equations read:
- ow n ow _(M.)._daT
67°,ih Jih 61"71‘ i L dt Or
(3.10)

ow B ow - d 0T
6dH7i i ody Tdt 8dH '

Using the expression () for the strain energy functions, recalling (B.1),
B2), 33), the field equations become:

dWo AW, 9D
K K.
{( 1n1) + 2"2),yy} + <dsin7>’ dsiny Oe
dWo AWy 9D, )
D x D =
dsin’y) dsiny Oy + (A1D1) 2 + (A2D2),y = pit

(3.11)

[31 865;1 D, + €1K1’n1:| — Aidy = 111&1 + 1'21&2

|:Bgaa 2D2 + €2K2’I’l2:| — A2d2 = Ilel + 122d2 .

Equations (BI1))2 ,(3I1)3 relate the microundulations with the local stretch
of the fibers namely, the local stretch of the surface in the two directions D4
and Ds.

The equations found by Wang and Pipkin in [16], and also by Luo and
Steigmann in [7] for the case without twist, read:

d Wy

F,=T1D; + DZ_FDlmmc
d sin
d Wy
Fy=T,D D, -ID 12
2 =13 2+d sin~y 1 2,9y (3.12)
oF, OF,
=0.
Ox * Jdy +f
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Substituting (12): , BI2)2 in (I2)3 we obtain:

6(T1D1) n < dWO ) D + dWO 8D2 _r <8D1,mc> +

oz dsinvy 2 dsiny Ox oz
(3.13)
O(T>D5) dWy dWy 0D, 0D 4,
-r , -
y +<dsin7>’y 1+dsin’y y < dy HF=0

with: T3 = Ay and Tb = A, reactions to the constraints of fiber inextensibility.
Equation [BI3) is exactly equation ([BIT]); in the static case, with f = 0.

4 Particular Models. II: Plane Granular Media

In this Section, we study a simpler dissipative model of plane granular media.

If the body is a 2-D solid and its configuration at any time is a domain
contained in R?, we can choose an orthonormal spatial basis {e,}, h = 1,2
and a material basis {g;}, where g;, = r,;, hence write r = 2" (X* t)ey; the
functions 2" (X¥,t) have the meaning of deformation function components.
Latin indices take the values 1,2.

If the directors d, are written in the spatial basis {e;} by means of the
angle of rotation #, such that

d = d; = cosfe; + sin ey
v = dy = —sinfe; + cosfey

the conditions d,, - dg = o8 are automatically satisfied. Physically, we inter-
pret d as the kinematical characterization of the grain and it is fully deter-
mined by the scalar function §(X*, ).

4.1 The Field Equation

The kinetic energy density reads:

1
T = ) [p (uf + ) + I67]

The strain energy density is choosen in the form:
Wzla u? + 02 +1ﬂ u? + v? +17ui—|—u3+vi+v3
2 2 Y Yy 6 Yy Y
L9 2 2 2 A
+27(uzvx + uyvy + vy +vyuy) — A0 (ug + uy + v +vy)

1 1 1
+,B0°+ ,C (07 +0;) + 3D(9§; +67)
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The coefficients «, 3, v, A, B, C, D are constants depending on the material
properties of the granular solid.
We introduce a new variable w = u 4+ v such that the field equation read:

pwi = QWay + Py — 2A(02 + 0y) +7 [(w2)z + (w]),]

161 =C 02z +0yy)+D [(02),+(6;),] + A(wy + wy)—BI—F (0, + 0,),

Let remark that the last term —F (6, + 6,); represent the dissipation due to
the friction among particles.

From the second equation of the previous system, we obtain the following
expression for 6:

o— 119 [ 00t €004+ D [(62),+(62), ]+ Aluws + )~ F (6, +6,).

We consider the dimensionless form of the previous system, and we apply the
slaving principle (for all passages see [1]). For further analysis the dimension-
less variables are introduced (note that 6 is already dimensionless)
wo U x=t y- ¥ g
Wy L L L

where ¢, Wy, L are physically meaningful certain constants (velocity, in-
tensity and wavelenght of the initial excitation). We also need a scale
for the microstructure [; accordingly, two dimensionless parameters can be
introduced

2
l
0~ ( L> characterizing the ratio between the

microstructure and the wave lenght;

Wo . . .
e~ accounting for elastic strain

where § has the relevant meaning of a characteristic length.

We suppose I = pl?I*, C = 12C*, D = I?D*, F = I>F* where I* is
dimensionless and C* D* and F* have the dimension of a stress.

We then obtain:

1 2A
= W - 0, +0 : ;
Wi = g @Wa 80, ) = (00, 1oy [(V2) +(72), ]
€A o[ .. D*
0= GOV AW+ O+ 0)+ ) [0+ 02),]]
5 4 r* *
_B [pCOI QTT +cF (eXT +9YT)]
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If we consider the expansion in terms of the caracteristic lenght §:

€A 0eA

0= 0+ 30+ WA W - T { O (W 4 W)+ (W41,

—pCéI*(WX+WY)TT—CoF* [(WX+WY)XT+(WX +WY)YT] }

we obtain the governing equation:

1 242
Wir = PCé (anx + ﬂWYY) - pCéB (Wxx +2W,, + WYY)+
20A2C*
- pC4BQ (Wxxxx +2Woiiny +2Woiyy +£2Weyyy + Wyyyy)+
0
20 A%

+ [[*(WXX +2WXY +WYY)TT +COG* (WXXX +3WXXY +3WXYY +WYYY)Ti| +

BQ
ey [(W2) + (W2), ]

These equations are suitable to study non linear wave propagations in such
solids, (see for instance [1], [3], [I2]), but we choose to stop here our expo-
sition. Following the same path, changing the strain energy fuction, we can
derive other PDE’s, i.e. sixth order PDE’s which can be reduced to a fourth
order principal ODE, following the slaving principle (see for instance [2]) and
a method introduced by A. Samsonov [I5]. Hence it seems feasible to study
non linear waves and solitons propagation and, from another point of you,
to establish a hierarchy of waves (see [3]), which can be useful to detect the
influence of the different parameters on the wave propagation. In general, the
possibility to obtain Euler - Lagrange equations as field equations for solids
with microstrucutres as proved in this paper gives rise to a theory that can
encompass many different particular models of solids, and fuids too, where
micro structures and complex inner structures have a relevant role.
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Numerical Simulation of Interaction of Solitons
and Solitary Waves in Granular Materials

Andrus Salupere and Lauri Ilison

Abstract. A hierarchical Korteweg—de Vries type evolution equation is used for
modelling of wave propagation in dilatant granular materials. The model equation is
integrated numerically under sech®-type initial conditions using the discrete Fourier
transform based pseudospectral method. In our previous papers we have shown that
depending on values of material parameters five different solution types can be de-
tected. In all cases one component of the solution is a solitary wave or an ensemble
of solitary waves (solitons) that can propagate at constatnt speed and amplitude and
in cases of ensembles interact (almost) elastically. In the present paper additional
numerical experiments for simulation of interactions between different soliton en-
sembles, single solitons and solitary waves are carried out and analysed.

1 Introduction

Many physical and technological applications deal with nonlinear wave propagation
in continuous media with microstructure. For that reason attention to corresponding
studies in recent years has been increased (see e.g. [3, 4} [T5] and references therein).
Granular materials are an example of such microstructured materials [T} [17].
In the present paper wave propagation in granular materials is modelled by the hier-
archical Korteweg—de Vries (HKdV) equation [1]
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8u+ Bu+a83u+b82 8u+ 8u+a83u _o 0
or " Mox "Moo o \ar Tox T Ron) T

Here o4 and o are macro- and microlevel dispersion parameters, respectively and
b is the microstructure parameter that involves the ratio of the grain size and the
wavelength. Equation (I)) consists of two KdV operators: the first describes the mo-
tion in the macrostructure and the second (in the brackets) — the motion in the
microstructure. Equation (1) is clearly hierarchical in the Whitham’s sense [2] — if
parameter b is small then the influence of the microstructure can be neglected and
the wave “feels” only macrostructure. If, however, parameter b is large, then only
the influence of the microstructure “is felt” by the wave. The limiting case (8 = 0)
results in the standard KdV equation with standard soliton solutions.

In our previous studies the main goal was to simulate emergence of solitons and
soliton ensembles from a single sech’-type initial pulse [9] 10}, [I2]]. Based on the
analysis of numerical results we have demonstrated the existence of five different
solution types: (i) single KdV soliton, (ii) KdV soliton ensemble, (iii) KdV soliton
ensemble a with weak tail, (iv) soliton with a strong tail, and (v) soliton with a tail
and wave packet. The main aim of this paper is to simulate and analyse interactions
between the solitary waves that emerge from different sech®-type initial pulses.

2 Statement of the Problem and Numerical Technique

We have demonstrated in (9, [10], that (i) the solution type is determined by the val-
ues of material parameters o, o and 3 and it does not depend on the value of the
amplitude (height) of the initial pulse; (ii) two initial pulses having different ampli-
tudes generate solitons or solitary waves that correspond to the same solution type
but propagate at different speeds and therefore can interact during the propagation.

In order to simulate interactions we shall use here an initial condition that consists
of two different amplitude sech’-type localised solitary waves which are shifted with
the respect to x = 0 by 167 and 487 respectively:

—16 —48
u(x,O):Alsechzx s T[+Azsech2x 5 ”,

1
5 — \/12al 5 — \/12a1 @)
TV oA VA
Here A, is the amplitude of the left hand side initial pulse and A; is the amplitude
of the right hand side one, 0 < x < 647, and 0; and &, are the widths of the initial

pulses.
The goals of the present paper are:

(i) to simulate numerically interactions between

a. two single KdV solitons (the first solution type in [9} 10} [12]]);
b. solitons from different KdV soliton ensembles (the second and the third
solution types in [9, [10} [12]]);
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c. two solitons (solitary waves) with strong tails (the fourth solution type in [9,

110, 121);

(i1) to analyse the character of interactions in terms of solitons, i.e. to understand
whether solitary waves that emerge from different initial pulses interact elasti-
cally or not.

For numerical integration of the HKdV equation the pseudospectral method (PsM)
[5.[14,[20] is applied. In a nutshell, the idea of the PsM is to approximate space deriva-
tives by a certain global method — reducing thereby partial differential equation to
ordinary differential equation (ODE) — and to apply a certain ODE solver for inte-
gration with respect to the time variable. In the present paper space derivatives are
found making use of the discrete Fourier transform (DFT). Calculations are carried
out using SciPy package [13]]: for DFT the FFTW [] library and for ODE solver the
F2PY [18] generated Python interface to ODEPACK Fortran code [8] is used.

3 Results and Discussion

The HKdV equation (I) was integrated numerically under initial conditions (@) and
periodic boundary conditions

u(x+64km,t) = u(x,t), k=41,£2,43,.... 3)

The values of dispersion parameters ¢, 0, and microstructure parameter 3 have
been selected according to the solution types defined in [9, [10, [12]. The number of
space grid points n = 4096 and the length of the time interval z; = 100.

3.1 Interactions of Single KdV Solitons

The first solution type is called the single KdV soliton and it appears if dispersion
parameters o, = o5 . In this case the initial sech®-pulse propagates at a constant
speed and a constant amplitude [9] [10} [12]. Here we simulate interactions between
two initial pulses that have different amplitudes (A = 15 and A, = 5) and therefore
they propagate at different speeds. Analysis of numerical results demonstrate clearly
that interactions between solitons are elastic as the solitons restore their amplitude
(see Fig. [I) and speed after interactions. During the interaction solitons are phase
shifted — higher amplitude soliton is shifted to the right and lower amplitude soliton
to the left.

3.2 Interactions of Solitons from KdV Soliton Ensembles

In our previous paper [9] we found that it is quite conditional to distinguish between
KdV soliton ensemble and KdV soliton ensemble with a weak tail, i.e., between
the second and the third solution types. The tail is sometimes so weak, that it is
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Fig. 1 Interactions of KdV solitons. Wave profile maxima against time for oy = o = 0.03,
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Fig. 2 Interactions of solitons from KdV soliton ensembles. Timeslice plot over two space
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Fig. 3 Interactions of solitons from KdV soliton ensembles. Wave profile maxima against
time for o =0.07, 0p = 0.03, B = 111.11,A; = 15,A, =5

practically indistinguishable by means of wave profile extrema as well as spectral
quantities. For this reason we consider here these two types together.

As an example, we present interactions between solitons from two different
ensembles that emerged from two initial pulses having amplitudes A; = 15 and
A, = 5. Different amplitude solitons propagate at different speed and therefore in-
teractions between them take place. One can trace here two type of interactions: (i)
between solitons from different ensembles, and (ii) between solitons from the same
ensemble. Time-slice plot (Fig. &) and amplitude curves (Fig. B) demonstrate that
interactions of both type are practically elastic, i.e., solitons restore their speed and
amplitude after interactions. Besides the soliton-soliton interactions all solitons in-
teract with tails. However, as the tails are weak, they do not influence the behaviour
of solitons essentially and their influence can be traced only in curves of wave profile
maxima, where tails can cause small oscillations.

3.3 Interactions of Solitons with Strong Tails

In the present case two solitons and strong tails emerge from the initial excitation (2))
(see Figs. @ and[3)). For this solution type the tail is considered to be strong, because
it influences the behavior of emerged solitary waves essentially: (i) amplitudes of
propagating solitons are not constant, but due to the influence of tails they oscillate
with respect to a constant level remarkably (cf. Figs. B and 3); (ii) amplitudes of



26

Time —»

100

150

200
Space —»

A. Salupere and L. Ilison

350 400

Fig. 4 Interactions of solitons with strong tails. Pseudocolor plot over two space periods for

o1 =0.03, 00 =007, f=111.11,A; = 15,4y =5

Amplitude —

15} ]
« Left Ist
10f 1
5 . -
RN NN RPN s |  Right 1t
0 ; : | — Tail
0 20 40 60 80 100
Time —

Fig. 5 Interactions of solitons with strong tails. Wave profiles amplitude plot over two space

periods for a; =0.03, op = 0.07, B =111.11,A; = 15,A, =5



Numerical Simulation of Interaction of Solitons and Solitary Waves 27

the propagating solitary waves are lower than the amplitudes of the initial ones (see
Fig.[3). Such a phenomenon — the shape of the initial solitary wave is altered during
propagation — is called selection (see for details). It modifies the shape of the
initial condition in a way to be more appropriate to the real solution of the equation.

Analysis of the behaviour of trajectories and amplitudes of selected solitary
waves demonstrate that the interaction is nearly elastic, i.e., the trajectories are
phase-shifted during interaction and after the interaction both solitons almost re-
store their speeds and amplitudes (Figs. d and ). Therefore these solitary waves
can be called solitons.

4 Conclusions

In the present paper interactions of solitary waves in media governed by HKdV
equation (I)) are examined. The model equation is integrated numerically under ini-
tial condition (@) and periodic boundary condition (3)). The analysis of numerical
results demonstrate that emerged solitary waves interact elastically or nearly elasti-
cally in all considered cases. More numerical examples can be found in unpublished
Research Report [11]], where interactions between two solitary waves with tails and
wave packets (the fifth solution type in [} [T0, [12]) are also considered. The lat-
ter case is more complicated than these considered here. We have found that for
this solution type (i) interacting solitary waves emerge only in few cases, and (ii) if
interactions take place then they are not elastic by means of solitons.
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Multi-scale Modelling of Fracture in Open-Cell
Metal Foams

K.R. Mangipudi and P.R. Onck

1 Introduction

Metal foams possess attractive mechanical properties like high stiffness to weight
ratio. When used to build light-weight structures they require a good combination of
strength and ductility. They are ductile under compression but rather brittle in ten-
sion with a few percent of overall strain to fracture. Second-phase particles, grain
boundary precipitates and inclusions are often associated with the knock-down of
the ductility [1]]. Through a heat treatment the microstructure can be changed, how-
ever, this also changes the associated yield stress and hardening behaviour of the
strut material. How this will affect the overall behaviour depends sensitively on
the foam’s cellular architecture, e.g. the cell size and shape distribution, the cross-
sectional geometry of the strut, and its relative density. The goal of this work is to
study these dependencies using a multi-scale modelling framework that takes all
these ingredients into account. In this paper, we present the combined effect of the
solid material strain hardening and the relative density on the initiation and accu-
mulation of damage and overall strength of the structure.

2 Multi-scale Model

Random Voronoi structures in two dimensions are used to describe the structure
of open-cell metal foams (Fig. [[). The mechanical behaviour of each material
point in the strut is characterized by a uniaxial tensile curve featuring linear elas-
ticity, power law hardening and softening due to damage. Individual struts are
discretized with Euler-Bernoulli beam elements. In the following section, the
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Fig. 1 Information flow
between different length
scales

governing equations and the framework for the plasticity and fracture is presented
within a linear Finite Element (FE) setup. An updated Lagrange formulation is
adopted. It should be emphasized here that the viscoplastic framework, which will
be described later, is used only for numerical reasons; we are not dealing with phys-
ical time-dependent processes.

2.1 Finite Element Equations

We consider the strut to be modelled as an initially straight Euler-Bernoulli (EB)
beam. In a structure consisting of many curved struts at different orientations, the
beam axis is discretized into linear segments with appropriately defined local coor-
dinate systems. We define the local coordinate system of the beam with its x-axis
aligned with the bam axis represented by x € [0, L]. Its deformations are described
by the axial and transverse displacements of its axis: w := {u,v}. For small strains
(though at arbitrary displacements), the axial strain £ = u’ and the curvature Kk ="
are taken as the strain measures. The corresponding work conjugates are the axial
force P and the bending moment M. Using a shorthand notation the strain and the
stress measures are

e={&«x} and s={PM}. (1)
We decompose the total strain rate into an elastic and viscoplastic part,
e=e +e7, 2)

and the linear elastic constitutive relation written as s = Ce?, where C is the effective
stiffness matrix.The rate form of principle of virtual work describing the equilibrium
of the beam is given by

/ {5eTs+5'eTs] dx = / su”t, dx, 3)
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for all admissible variations Su and for the given external loading f. Making use of
Eq.[Rlalong with the constitutive relation and by setting $* = Cé"?, we can rewrite
Eq.[Blas

/ [5eT Cé+ SeTs} dx = / Su't,y dx+ / sels*. (4)

Using the standard beam interpolation functions for the displacements as a function
of the nodal displacements and rotations, the following updated Lagrangian finite
element equations are obtained:

(Ky +Kg)U=F,y +F", S

where Ky, and K are the material and geometric stiffness matrices respectively,
U is the rate of unknown nodal displacements and rotations and ¥ is the rate of
viscoplastic forces.

Plasticity and Fracture

Plasticity is modelled in a similar way as nonlinear elasticity for beams by discretiz-
ing into fibers. Through the beam’s depth m number of integration points are defined
which can be interpreted as the fiber centers. For any fiber at p(x,y) (see Fig.[ID, the
stresses and strains are given by

éxx(y) :é_yk and Gxx(y) :Et(y)éx)ra (6)

where £ is the axial strain rate, K is the curvature rate and E is the tangent modulus.
These rates are integrated in time to store the fiber stress and strain. Yielding of any
fiber occurs when the fiber stress exceeds the yield stress of the material. The elastic
strain in a fiber after the yielding is neglected in comparison with the plastic strain
increments. A power-law strain hardening of the form

E \"
G:cry(H—Ge”) (7)
Y

is used for the fibers. Here E is the Young’s Modulus, N is the strain hardening
exponent and oy and &, are the yield stress and yield strain respectively, €7 is the
accumulated plastic strain and & is the fracture strain of the material. The tangent
modulus E’(y) of the fiber is obtained from the uniaxial tensile curve of the solid
material (Eq. [J). By integrating through the thickness of the beam, the effective
stretching and bending stiffnesses of the beam are obtained.

The following viscoplastic relations for the axial strain rate and curvature rate
can be derived for an EB beam [2]]:

. P\" M\"
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where &) and n are parameters, Py = Opt, Oy is the reference stress, ¢ is the beam
thickness, M is the bending moment and M) is the reference moment. Taking Eq.
with n — oo the viscoplastic formulation becomes rate-independent and can be used
as a numeric algorithm so that the normal force P and moment M in the beam follow
the reference force (7)) and reference moment (M) given by any other constitutive
relation.

When the strain at either of the extreme fibers reaches the critical fracture strain
(&) of the material (i.e. the strain at oy, see Fig. [T, damage is initiated which re-
duces the forces and moment to zero with the help of a damage parameter D € [0, 1].
The damage parameter is formulated in terms of the fracture displacement jump
(Aug(y)) in the fibers to give mesh-independency. The damage parameter D is
defined in terms of a specific fracture energy (energy per unit area of the cross
section), I,

1
D= A d 9
tAUf/y ur(y)dy, )

where AUy = 21/ 0: (see Fig. [I). At the initiation of fracture, the normal force
(Pinir) and the moment (M;,;;) in the beam element are recorded. We assume linear
softening for the normal force and moment according to

PO _ Pinir
<M0> ={1-D) (Minit> ' (19)

During the fracture of an element, Eq. [L0 provides the reference quantities for the
viscoplastic framework to be used in Eq. [8l At the beginning of each time step,
the vector of the rate of the nodal viscoplastic forces F~ is computed based on the
generalized stress state in the previous increment (e.g. P and M) and will be used in
Eq.

3 Results

Simulations were performed on Voronoi structures of 12x 16 (W x H) cells with a
narrow cell size distribution and uniform strut thickness. The size of the structure
is selected to converge for the plastic collapse stress. Every strut is discretized into
10 beam elements initially and each element is subsequently remeshed once into 10
elements when the critical fiber stress exceeds 0.850,. Seven relative densities are
considered between 0.04 and 0.24 and the for the N, values of 0.05, 0.1, 0.17, 0.2
and 0.3 are used in the parametric study. Other inputs of the model are the Young’s
Modulus E = 70 GPa, the yield stress oy = 41 MPa, the fracture strain &. = 0.147
and the specific fracture energy Iy = 20x 103 N/m.

Fig. [2lshows a typical stress-strain curve. Four distinct regions can be observed:
(1) a linear-elastic regime, (ii) a nonlinear transition regime (from point a to roughly
point b) (iii) a nonlinear hardening regime (from point b to d) and (iv) an unloading
regime (after point d). The first regime is due to homogenous elastic deformation.
During this period, the forces and the moments in the struts monotonically increase
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with very little gross deformation. Note that the plastic yielding of the outer fibers
of the struts already occurs at small strains (point a). This is due to the large bend-
ing moments that are present near the triple points. During the second regime more
struts begin to yield and the plasticity spreads across the thickness and along the
strut. This yielding reduces the overall stiffness of the structure compared to the
elastic regime resulting in a nonlinear stress-strain response. The third regime is a
very important phase of deformation and is associated with many mechanisms im-
portant in determining the foam strength. In the early part of the third regime, it can
be seen from the strain maps that the strain is homogeneous throughout the sample
(e.g. Fig. Bb). The structure hardens with further straining due to strain hardening
of the strut material and the reorientation of the struts. Though the deformation is
homogenous throughout the structure on average, in some locations the local strains
develop slightly above the average strain (see Fig 2k). Initiation of the damage in
the struts (at point c) takes place well before the peak stress is attained (at point
d in Fig.[2)). Due to this early damage, local unloading occurs and stresses get re-
distributed. From point ¢ to d more struts begin to fracture at randomly distributed
locations. During this period, there exist two opposing mechanisms: (i) overall hard-
ening in some regions of the structure due to strain hardening of the strut material
and strut reorientation and (ii) unloading of some regions due to the damage. The
unloading regions compete with each other to maximize the overall damage rate.
As a result, the damage rate in some struts decreases or even becomes zero (the
first two struts from the top in the stain map d) with a corresponding increase in the

— AN
LA T o
I | e A
[So3Ya ‘
1. ||y D%
1o i"".‘.“ ] v“‘:i
-104 l-" “! \“ : .
(b) (©
i . — = 0.06
1% . "( . ‘i\ 0.05
# i/ d ://iA\ N 0.04
: |l Pd‘.‘\bj 003
N € N )/ix:ﬁilc 002,
b, =0.1and Ny =0.17 (d) ©)

Fig. 2 Elasto-plastic-fracture behaviour of a two-dimensional Voronoi structure (left). The
thick line is the stress-strain curve. The evolution of the damage parameter, D, in individual
damaging struts is plotted as thin lines. The dashed line represents the total number of dam-
aging struts with the squares representing a fracture event. The labels () to (e) correspond to
the strain maps shown on the right. The point a corresponds to the first yielding event and ¢
corresponds to the first damage event. The black squares in the strain maps show the location
of fracture
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Fig. 3 Effect of relative density and strain hardening exponent on damage.The strain maps
are plotted at the peak in the corresponding stress-strain curve which are immediately above
each strain map

damage rate in others. This can be clearly seen from the damage evolution in the
individual struts plotted in the Fig. [2l These winning regions trigger damage in the
neighbouring struts. This situation appears when the random failure events localize
to form a fracture path defining a future crack (see strain maps ¢ and d in Fig. D).
At this juncture, the overall hardening rate equals the overall unloading rate due to
fracture and a peak in the stress-strain curve is attained. After point d, more struts in
this band satrt to fracture and all the further strain accumulates in the fracture path
(see Figs.2d and 2k). Beyond the peak unloading of the structure due to continued
damage in the fracture path decreases the overall stress to zero, finally to attain a
complete separation of the sample.

3.1 Influence of Strain Hardening and Relative Density on
Damage

The deformation in the third regime in Fig. [2l primarily depends on the solid ma-
terial’s strain hardening capacity and the relative density. The effect of these two
factors is presented in Fig. Bl Figs. Bh and Bb are for two different relative densi-
ties but for the same N;=0.05. Increasing the relative density decreases the ductility
(lower peak strain). Since the hardening capacity of the strut material is low, local-
ized plastic hinges with very large curvature develop near the triple points. Due to
the large curvature, the critical fracture strain will be reached soon as the thickness
of the strut (relative density) is increased. This leads to an early onset of damage in
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an increased number of struts (see the strain map and damage curves in Fig.[3b). The
increased number of damage locations now leads to two competing fracture bands.
One of these early bands wins over the other; the critical struts in the dominating
band continue to damage at an increased rate while those in the other band unload
elastically after being partially damaged. This can be seen clearly from the damage
evolution curve in the Fig. Bb where the instant of increased damage rate in some
set of struts is associated with a zero damage rate in another set of struts. After this
stage strain localization occurs only in this band and leads to complete unloading.

The effect of increased intrinsic material hardening for Ny = 0.3 and for the same
relative density is shown in the Fig.Bk. With increased intrinsic solid material hard-
ening, the localized plastic hinges disappear and a diffused plastic zone forms along
the strut length. Strain hardening increases the forces in the yielded struts and in turn
increasing the forces and moments in their neighbours forcing them to yield. This
increased yielding results in a homogeneous strain distribution with a higher mean
strain (see Fig.[Bk). Since the development of high curvatures is hindered due to the
extended plastic zones in the struts, the damage is postponed (giving a higher peak
strain) and the total number of damage locations is also greatly reduced (compare
Fig.[Bb and Fig.[3k).

The left figure in Fig. @ shows the effect of relative density on the damage for a
given N;. An earlier onset of damage can be seen with increasing relative density.
The total number of damaging struts at the peak strain increases with increasing
relative density. Also the rate at which damage is accumulated (the average slope
of these curves) in the structure is higher at higher relative densities. However, in-
creasing the hardening of the solid material delays the onset of damage, reduces the
amount and rate of damage development (see right figure in Fig.[). The influence of
these factors on the overall response of the structure is presented in Fig.[3]in terms
of the peak stress and peak strain. The peak stress scales with a power ranging
between 2.09 to 1.79 (in the increasing order of Ny). The peak strain also shows
strong scaling with relative density. However, it appears that averaging over larger
number of realizations is required to extract the power-law scaling exponent.
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Fig. 4 Effect of relative density and N, on the damage development
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Fig. 5 Scaling of peak stress and peak strain for various N;. The peak stress scales with
relative density with a power ranging from 2.09 to 1.79 (increasing Ny)

4 Conclusions

The damage initiation and accumulation in two-dimensional Voronois is studied us-
ing a multi-scale model. The competition between various damaging elements and
their role in strain localization by forming a dominant fracture band has been iden-
tified. The influence of the hardening exponent together with the relative density is
is studied. Increasing the hardening capacity of the solid material results in homo-
geneous plastic deformation in the structure and delays the onset of damage and
reduces the amount and rate at which damage develops. A strong scaling has been
observed for the peak stress for various solid material hardening exponents in the
range between 1.76 and 2.09.
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AFCs: Active-Stress vs. Active-Strain Modeling

Paola Nardinocchi and Paolo Podio-Guidugli

Abstract. Active Fiber-reinforced Composites are artificial bodies consisting of one
or more layers of parallel ceramic fibers embedded in a polymer matrix. In this
paper we propose a mathematical model for their constitutive response by importing
certain concepts from the modeling of fibrous living tissues and by regarding an
AFC as a special piezoelectric material body whose stored energy is a weighted
sum of the stored energies of fibers and matrix.

1 Introduction

Active fiber—reinforced materials may be artificial or natural. The patented acronym
AFC denotes Active Fiber-reinforced Composites, that is, artificial material bodies
consisting of one or more layers of parallel ceramic fibers embedded in a polymer
matrix. Their main advantages over conventional piezoelectric bodies are ascribed
to their toughness and flexibility, that are far greater than those of monolithic piezo-
ceramics; their piezoelectric properties are also superior to those of piezopolymers.
Generally, in AFCs the interactions between the electrical and mechanical material
structures are linear, just as in monolithic piezoelectric materials; unlike the latter
materials, electromechanical interactions occur solely along the fibers.

AFCs have been extensively studied from an experimental point view ([4]], [8],
[12]), but a satisfactory mathematical modeling of their response is still lacking.
The main goal of this paper is to associate with any given AFC a suitable local
material response, as if it were a material body and not, as it is strictly speaking,
an engineered device. To do so, we import certain concepts from the modeling of
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fibrous living tissues, and we regard an AFC as a special piezoelectric material body
whose stored energy is a weighted sum of the stored energies of fibers and matrix.

Modeling the response of a natural AFC is delicate, because physiological issues
cannot be ignored. But that is not the only difficulty: thinking of the cardiac muscle
tissue to fix ideas, and making use of an engineering parlance, one must also handle
both ‘physical’ and ‘geometrical’ nonlinearities, because the interactions between
the electrophysiological and mechanical material structures are inherently nonlinear,
and because the deformations experienced by the tissue are large (so much so that a
convenient mechanical framework to set the problem appears to be finite elasticity).

For natural AFCs, two modeling formats are in use, called the active-stress ap-
proach and the active-strain approach. The former is so called after the habit, in the
biological literature, to account for the ionic activation of muscle fibers by adding to
the standard passive stress another part, called active stress, representing the force
erogated by the muscle when it is activated [2]]. In the active-strain approach (a ter-
minology introduced in [6]; see also [[10}[1]]), contraction — not tension — is regarded
as the direct consequence of the activation of muscle fibers; tension arises whenever
contraction (= active strain) is hampered by some geometrical constraint.

In principle, these two modeling formats are neither equivalent nor interchange-
able. In this paper (in our intentions, the first of a series), we stipulate certain equiv-
alence conditions and investigate their consequences in the linear case, that is, the
case of artificial AFCs. Our analysis, which is based on the general developments
of Section[2] is summarized in Section3l Needless to say, since in our present study
physiological variables are neglected and the context is linear, our findings are not
directly applicable to biological AFCs.

2 Linearly Electroelastic Materials

Linearly electroelastic materials (said differently, piezoelectric materials) feature
linear interactions between the electrical and mechanical material structures. There
are four alternative ways to choose the basic piezoelectric constitutive equations,
depending on what choice of two independent variables (one mechanical, the other
electrical) out of four is made [3]]. The four variables are the second-order tensors
E and S, interpreted respectively as strain and stress, and the two vectors e and d,
interpreted as electric field and electric displacement. In this paper, we select the
(E,e) — (S,d) and the (S,e) — (E,d) constitutive maps, because the first lends
itself to the active-stress approach, the second to the active-strain approach to com-
posite materials with piezoceramic fibers.

2.1 Active-Stress and Active-Strain Constitutive Equations

With a view toward using the active-stress approach, we introduce the invertible
map
(E,e) — (S,d), (1)
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where
S =CE-—ce,

2
d = c"E +Ce. @

In the active-strain approach, strain replaces stress as independent mechanical vari-
able and a consistent switch of dependent mechanical variables is introduced. Ac-
cordingly, we consider the invertible map

(S.e) — (E,d), 3)
where ot
E=C""S+ge,
o9 4)
d=9g S+Ge.

Equations (@) prescribe that stress S and electric displacement d depend linearly on
E and e through the elasticity and dielectric permittivity tensors C and C (respec-
tively, a fourth- and a second-order tensor), and the third-order coupling tensor C
and its transpose ¢’ . Likewise, equations (@) prescribe that strain E and electric dis-
placement d depend linearly on S and e through C~' (the inverse of the elasticity
tensor C), the coupling tensor g, and the alternative dielectric permittivity tensor G.
These constitutive tensors have symmetry and positivity properties that we postpone
listing until we make our notation clear, in the next subsection.
If we rewrite the constitutive equation (2]); as follows:

S=S,+84, S,:=CE, S,:=—ce,

we can regard S, as the ‘active’ stress in a piezoelectric material, in that it is acti-
vated by turning the electric field e on, just as the active stress in striated muscles
is turned on by the flow of calcium cations within the active-stress modeling for-
mat. Similarly, continuing to mimic what is done within the active-strain approach
to muscle modeling, we may set

E,:= c7's, E,:= ge,
and read the constitutive equation (H]); as follows:
E=E,+E,,
with E, and E, interpreted as the ‘active’ and ‘passive’ parts of the strain in a

piezoelectric material.

2.2 Notational Digression

For ¥ the basic three-dimensional vector space, we denote by Lin the space of all
linear mappings of ¥ into itself (that is to say, the space of second-order tensors),
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and by Lin the space of all linear mappings of Lin into itself (that is to say, the
space of fourth-order tensors). Third-order tensors such as € and g are visible in two
ways, namely, as linear maps from ¥ into Lin (e.g.,in [);, ¥ > e — ce € Lin) and
as linear maps from Lin into # (e.g., in {#),, Lin > S — g7S € ).

Let {¢;,i = 1,2,3} be a left-oriented triad of orthonormal vectors, a cartesian
basis for 7, and let {¢; ® ¢j,i,j = 1,2,3} be the corresponding basis for Lin. The
components of a third-order tensor — say, the cartesian components of the coupling
tensor € — are defined as follows:

C=CijkCiDC;QCx;
moreover,
T _ . . h T — _
C =cijkCCQC; (OI‘ rather, (C )kij = (C),‘jk = Cijk)-

Thus, the linear action of a third-order tensor on, respectively, a vector and a second-
order tensor are defined as follows:

ce= (ck-e)cijkci®cj = (Cijkek)ci®cj

and
CTE = (Ci & Cj- E) CijkCk = (CijkEij)ck;

the second-order tensor Ce and the vector ¢’ E are such that

ce-E=e-c'E
Likewise, the linear action of a fourth-order tensor

C=Cjuci®c;@c ¢
on a second-order tensor
E=E;c¢®c;
is defined by
CE= (¢, ®¢;-E)Cijici®c¢j = (CijiuEn) e ®¢;.

Moreover, the linear action of a fourth-order tensor A on a third-order tensor a is
defined by
Aa = (Almpqcl RCrCp X Cq) (a,-jk CRei® Ck)
= ((CP ’ C,‘)(Cq ) cj)Almpqaijk) € Q€ D Ck
= (Apmijaiji) € @ € @ k.

! With slight abuse of notation, the centered dot on the left side denotes inner product of
second-order tensors, that on the left inner product of vectors.
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As to composition products, for tensors of even order they are defined as customary:

AB = (Ajjc;®¢;)(Buken @ ¢x)
= ((cj-cn)AijBpi) € @ ¢k
= (AinBnk) € ® ex
and
AB = (Ajjn i ®¢;® ¢, @ k) (Bimpg € @ €@ ¢, @ ¢y)
= ((Ck “er) (e cm)Aijthlmpq) CiRC;RC,D¢,
= (AijmkBinpg) Ci®@c€;@¢, @ ¢y

The less common composition products of second-, third- and fourth-order tensors
are denoted by the symbol o, and defined as follows:

aoA = (4 ¢ ®¢; @ ¢k) (A @cpm)
= ((ck-¢;) aijiAim) €@ ¢; @ ¢y
= (@ijbim) € @€ @

Aoca = (amc®cm)(aijkci®c;®ck)
((em-ei)aijiAm) e @ ¢ @ e
= (Anaiji)c @ ¢;@¢;

aob = (a;jx¢; ®¢; @) (bimp € @ Cm@C))
= ((ex-e1) () em) aijibimp) €i @ ¢
= (aijbkjp)ci@cp;
aoA = (ajjrc;i®¢; @) (Appy€ @€y @c, @ ey)
= ((ck-¢r)(€j - Cm) aijiAimpg) i@ €p D¢y
= (aijrArjpg) Ci®€CpR ¢y

2.3 Symmetry and Positivity of the Constitutive Tensors

Hereafter we collect the component versions of the symmetry and positivity prop-
erties of the constitutive tensors entering the response laws (2) and (@):
- elasticity tensor C:
Cijnk = Cjik = Cijkn, Cijnk = Cniij, A-CA >0 VA €Lin\ {0};
- coupling tensors C,Q:
Cijk = Cjiks  8ijk = 8 jik >

- permittivity tensors C,G:

Cij = Cji, a-Ca>0 Vac 7/\{0},

Gij = Gj,‘, a-Ga>0 Vac 7/\{0}
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2.4 Equivalent Constitutive Equations

One may ask: when is that two lists {C,¢,C} and {C~',g,G} of constitutive tensors
characterize the same piezoelectric material? We propose to regard the constitutive
equations of type (@) and (@) constructed by the use of those two lists as equivalent
if the following two conditions hold:

for all symmetric tensors E and for all vectors e,
(i) both @) and @), deliver the same stress, that is to say,

CE—ce=S=C(E—ge); 3)
(ii) both @), and @), deliver the same electric displacement, that is to say, if
c"E+Ce=d =g’ (C(E—ge))+Ge. (6)
Condition () is verified if
ce=C(ge) forall vectors e,
i.e., due to some of the symmetry properties stipulated for C and g, if
c=Cog. %)

With this,
c’E=g’(CE) for all symmetric tensors E;

hence, condition (@) is verified if
Ce=Ge—g'(C(ge)) for all vectors e,

ie., if
C=G-g'oCog. (8)

REMARK. Note the following consequence of the equivalence condition (Z):
S, = —CE,. ©)
Thus, when the active-stress and active-strain approaches to the constitutive model-

ing of piezoelectric materials are made equivalent, there is a one-to-one correspon-
dence between the active parts of strain and stress.

2.5 Boundary Working, Internal Power, and Stored Energy

When thermal phenomena are ignored, the state of a piezoelectric body can be de-
scribed in terms of two fields, the displacement u and the electrical potential ¢,
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respectively, a vector and a scalar field over the region % the body occupies; the
corresponding strain and electrical fields E and e are:

E=symVu, e=-V¢ (10)

(here sym denotes the operation of taking the symmetric part of a second-order ten-
sor). We read in [[11], Chapter 5, that, for a body part & with boundary d & of outer
normal n, the boundary working is “rate at which work is done by the surface trac-
tions acting across d & less the flux of electric energy outward across d &7, namely,

/M(Sn-u—gb(d.n)).

Consequently, given that the electric displacement is taken to be divergenceless in
the present context, the internal power expended over a test pair (du, 8d) is defined
to be:

P(2)[6u,8d] = /J (S- symV(8u) +e- 5d).

The accompanying dissipation principle states that the time rate of the stored energy
density per unit volume w satisfies:

w<S-E+e-d,

for all processes and whatever their local continuation; equivalently, in terms of the
electric enthalphy h, that

h<S-E—d-é, h:=w—d-e. (11)

We define the stored energy density per unit volume as follows:
! S-E+ ! d-e (12)
W= . -e.
2 2

An use of the constitutive equations () yields the stored energy mapping appropri-
ate to an active-stess approach to modeling piezoelectric materials, namely,

1 1
(E,e) — w=w(E,e) ::Z(CE-E+2Ce-e; (13)

needless to say, positivity of C and C is a necessary and sufficient condition for w
to be positive-valued. Note that the corresponding enthalphy mapping is:

(E,e) '—>h:ﬁ(E,e)::;(CEE—;Ce-e—E-Ce. (14)

Were we to start with this definition together with the dissipation principle (L)), then
we would readily obtain:

Ogh(E,e) = CE—ce=S§,

~

,e
—eh(E,e) = cTE+ Ce =d.
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Interestingly, for ¢ and C compliant with the equivalence conditions (Z) and (&), we
find that, alternatively, the stored energy density is also delivered by the following

mapping:
. 1 1 1
(S,e) — w=1w(S,e) ::ZS-(C S+2Ge~e+S-ge. (15)

It is easy to check that, within an active-stain approach, (I2) and @) yield just (I3).

2.6 Material Symmetry

An orthogonal tensor Q is a material symmetry transformation for a piezoelectric
material whose response from a fixed reference placement is described by the elas-
ticity, coupling, and dielectric tensors C, ¢, and C, if it so happens that

Q(CE — ce)Q"=CQEQ” — cQe,

(16)
Q(c"E + Ce)=c’ (QEQ") + C(Qe),
for all symmetric tensors E and for all vectors e; as is well known, the collection
of all such orthogonal tensors has the group structure. To give (I8) a more com-
pact form, we introduce the orthogonal conjugation operator Q associated to the
orthogonal tensor Q:

QA := QAQ"
for all second-order tensors A. Then, condition ([[6]); can be written as:
QC=CQ and Qoc=coQ; (17)
likewise, condition (@), reads:
QC=CQ and Qoc’ =c’oQ. (18)

The material symmetry group of a piezoelectric material whose response is specified
by the list {C,c, C} of constitutive tensors is the collection ¢ of orthogonal tensors
such as to satisfy both (T’7)) and (I8).

REMARK. In case the response of a piezoelectric material is expressed in terms of
a list {C~!,g,G} by means of the constitutive equations @), an orthogonal ten-
sor Q is a material symmetry transformation if the coupling tensor g and the di-
electric tensor G satisfy the same conditions as, respectively, ¢ and C (that is to
say, g satisfies (I7), and (I8]),, and G satisfies (I8));). As expected, two lists be-
ing equivalent in the sense of Subsection share the same material symmetry

group.
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2.7 Transversely Isotropic Piezoelectric Materials

Whenever a material symmetry group ¢ is specified, quantification of relations (I7)
and (I8) over all elements of ¢ yields ¢ —specific representation formulae for the
constitutive tensors C, ¢, and C. An instance important to our present purposes
is when ¥ is the continuous group of all rotations about the axis spanned by a
fixed unit vector (c3, say), identifying the class of piezoelectric materials that are
transversely isotropic with respect to that axis. We take from [7], Section 16, the
following representation formula for the elasticity tensor:

C=n(C1®CI+C2C)+7(C3®C3+Cs®Cy)

(19)
=5 PRP+&PRPH+PLRP)+ 6P 0P,
where
\/2Coc =Ccg®e3+Ce3RCq,
V2C =@+ 0®ecr,
\/2C4=C1®C1—C2®C2, (20)
P=c3®c3,
V2Pt =1-P
(here, o = 1,2; note that the six tensors {Cy,...,Cy4,P,P+} form an orthornormal

basis for the subspace of Lin of all symmetric tensors). As to the dielectric tensors,
it is not difficult to show that they can be represented as follows:
C = yP+7yPt,

_ 21
G =6P+6P-. @D

With a bit more work, representations for the coupling tensors are arrived at; they
are:
cC=0 Ca®ca+a2Pi®C3+a3P®C3,

g=PB1Co®ca+BhPracs+hPrcs

(here, summation over the index o = 1,2 is to be understood). The algebraic sym-
metries listed in Subsection2.2] are easily checked. As to positivity, C is positive iff
Y1,7, and &y, are positive, and, in addition,

8185 — 8% > 0; (23)

(22)

C is positive iff y and ¥ are positive; and similarly for G.
For a transversely isotropic piezoelectric material, the equivalence representation
formulae (7) and (8) give:

cC =0 Ca®ca+a2PJ‘®C3+OC3P®C3

24
=B171 Ca @+ (B283+ P382) PL@es+ (Bda+ P381) PR c3 24
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and
C=9yP+ }'/PL
> ) e (25)
= (86— (B"83+2B2P36 + B3°61))P+ (6 — Bi 1) PE.
Thus, for C to be positive, the material moduli must be such that
8 — (B8 +2BaBs& +B3781) >0, &— B’y >0; (26)

interestingly, these two conditions involve all material moduli except the shear
modulus 7.

3 AFCs as Piezoelectric Materials

To model the electroelastic response of an active fiber-reinforced composite, we
assume that:

(i) only fibers are capable of electromechanical interactions;

(ii) the composite’s effective stored energy is a weighted sum of the stored energies
of matrix and fibers:

We=@wn+(1—@Q)ws, @€ (0,1) (27)

(see [9], [5], where w,, and wy are weighted the same). Needless to say, with this
recipe for w, the composite’s material symmetry group will be the smaller between
% and Yy

As to the matrix, it is usually safe to take it to be an isotropic material:

Wi (S) = ;s.c,,;l& Cp=2ul+ 2131 (28)

with I the identity in Lin; more general response functions can be accommodated
without problems.

As to fibers, we assign them a transversely isotropic response that is special under
a number of respects:
(iii) the transverse isotropy axis is aligned with the fiber direction, which we choose
to be c3;
(iv) the elastic modulus &, is null;
(v) the coupling moduli §; and f3; are null.

Thus, in view of (I9)-(20), we have that

(Cf = 71(C1 ®C +C2®C2)+’)/2(C3®C3—|—C4®C4) +51P®P—|—53PL®PL;
(29)
in view of, respectively, (22), and (24]),, that

gy =PsP®cs, cr=Crog;=p36P@ecs; (30)
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and, finally, in view of (2]), and (23)),, that
CfZGf—B3251P7 Gf=5P+SPL. 31)

To sum up, four elasticities (Y1, 7,81, and &), two permittivities (8 and &), and one
coupling modulus (B3) determine the fiber response; two more elasticities (A and )
are needed to specify the matrix response; one further parameter (¢) fixes the matrix
volume-fraction. The active part of the strain depends only on the coupling modulus
B3, while the active stress depends also on the elasticity 0;:

E,=[s(e-c3)P, S,=—-6E,. (32)
Component-wise, relations (2) read, respectively,

Sii=4(p+8&)En+i(—n+8)En,
S =3(=1n+8&)En+)(n+8)Exn,

(33)
Sio=1En, Sx="%Esxm (a=1,2),
S33 = 01(E33 — Bses),
and ~
da - 560( (a: 172)7
(34)

dy = ((8 —Bs°81)es + 81 B Ess) .

REMARKS. 1.Typically, in applications involving AFCs, the electric field has ev-
erywhere the direction of fibers (e, = 0), so that knowledge of the permittivity & is
immaterial. Moreover — and tacitly! — the elasticity y; is taken null, a measure that
we interpret as a brute-force way to guarantee that the angle between the transverse-
isotropy direction ¢3 and all material directions orthogonal to it is preserved, what-
ever the deformational vicissitudes. As a result of these two simplifications, the fiber
response is specified in terms of only five material moduli — three elasticities, one
permittivity and one coupling modulus — whose values one can usually pick up from
the experimental literature.

2. At matrix/fiber boundaries, certain continuity conditions must be imposed, typi-
cally to guarantee that no slip occurs. Such conditions may be written in a form that
amounts to a condition of constitutive consistency between fibers and matrix: e.g.,
for n a unit vector perpendicular to the fiber direction, one is led to insist that

S¢(E,e)n =S, (E,e)n
for all pairs (E,e).
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On Eshelby Tensors, Thermodynamics and Calculus of
Variations

Jean-Francois Ganghoffer

Abstract. The connections between the notion of Eshelby tensor and the variation
of Hamiltonian like action integrals are investigated, in connection with the ther-
modynamics of continuous open bodies exchanging mass, heat and work with
their surrounding. Considering first a homogeneous representative volume ele-
ment (RVE), it is shown that a possible choice of the Lagrangian density is the
material derivative of a suitable thermodynamic potential. The Euler equations of
the so built action integral are the state laws written in rate form. As the conse-
quence of the optimality conditions of the resulting Jacobi action, the vanishing of
the surface contribution resulting from the general variation of this Hamiltonian
action leads to the well-known Gibbs-Duhem condition. A general three-field
variational principle describing the equilibrium of heterogeneous systems is next
written, based on the zero potential, the stationnarity of which delivers a balance
law for a generalized Eshelby tensor in a thermodynamic context. Adopting the
rate of the grand potential as the lagrangian density, a generalized Gibbs-Duhem
condition is obtained as the transversality condition of the thermodynamic action
integral, considering a solid body with a movable boundary.

Keywords: thermodynamics of open systems; transversality conditions; Eshelby
tensors; Noether’s theorem; Gibbs-Duhem condition.

1 Introduction

In a celebrated article, Eshelby (1951) introduced the concept of the energy-
momentum tensor, which has been involved since then in several theories such as
Eshelbian mechanics and the related notion of configurational forces, including
not only continuum mechanics, but also electromagnetoelasticity in the large,
(Maugin, 1995). Fundamental works along these line of thoughts include those of
Maugin (1993, 1995), Kienzler and Herrmann (2000), Gurtin (2000), and applica-
tions of these concepts to the analysis of different of material inhomogeneities
have been done in the recent years, see the review article in Gross et al. (2003).
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The derivation of the configurational force balance can be obtained following
two main alternative routes: either from a pull-back of the classical balance laws
on the material manifold (Maugin, 1993), or using the notion of translational
invariance, in articulation with Noether‘s theorem (1918), as exemplified in
(Kienzler and Hermann, 2000). Configurational mechanics (otherwise coined
mechanics of material forces) has witnessed a revival in the last decade, and it has
been a very active field of research in the recent period: in addition to previous
references, one can mention the works of (Kuhl and Steinmann, 2004) focusing on
material forces for open systems, (Lubarda and Markenscoff, 2007) related to dual
conservation laws in micropolar elasticity, evaluation of configurational forces in
multiplicative elastoplasticity (Menzel and Steinmann, 2007), the consideration of
material forces in dynamic fracture (Fagerstrom and Larsson, 2008) or (Agiasofi-
tou and Kalpakides, 2006), and furthermore the work of Steinmann (2008) high-
lighting the role of boundary potential energies.

In the present contribution, the connections between the Eshelby tensor and the
variation of Hamiltonian like action integrals will be investigated, considering the
general framework of the thermodynamics of continuous open bodies exchanging
mass, heat and work with their surrounding. Such a framework clearly has interest-
ing applications in the field of biomechanics. The construction of Eshelby tensors
from suitable thermodynamic extremum principles shall be first evidenced, in
articulation with the concepts and methods of the calculus of variations. It is here
worthwhile mentioning the clarifying early work of Edelen (1981), who examined
the role of transversality conditions on movable internal and external boundaries. In
a more recent period, Honein et al. (1991) established a method to obtain conserva-
tion laws for dissipative phenomena. Application of this method to dissipative ther-
moelasticity was done by (Chien and Herrmann, 1996). In the same line of thoughts,
conservation laws involving Eshelby stress in the case of the dissipationless
theory of thermoelasticity have been written in (Kalpakides and Maugin, 2004).

The convention of summation of any repeated index in a monomial is system-
atically used in the sequel. Vectors and tensors are represented as boldface

symbols. The symbol I denotes the second order identity tensor. The transpose of

any tensor A is the tensor noted A" . The double inner product of two second
order tensors A, B is the scalar A : B = A,B, = Tr(A.BT), with the dot

denoting the inner product and Tr () the trace operator. The material gradient, viz
the gradient with respect to the material coordinate X , is noted Vx ; the partial

derivative of a function f (X) with respect to its argument is sometimes denoted
with the short cut f — a_f The general notation Sa () stands for the variation of
*ox

a quantity () considering that the quantity (written here as an index) a is fixed in

the variation. For a volume €2, the differential surface element is noted OS2 . For

any quantity a , the notation a denotes the material derivative, viz 3 .— da The
dt
short cuts Lh.s. and r.h.s. respectively stand for left-hand side and right-hand side.
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2 Eshelby Stress in a Thermodynamic Framework

It is one of the essential purposes of this work to throw some light on the deriva-
tion of Eshelby tensors in a thermodynamic framework, in articulation with the
stationnarity conditions of thermodynamic action functionals. We thereby follow
the variational route of configurational mechanics mentioned in the introduction.

The choice of a proper thermodynamic potential is tied to the choice of its con-
trol variables (Callen, 1985); this potential achieves an extremum (usually a
minimum) when these control variables are held fixed over a suitable RVE (repre-
sentative volume element); accordingly, it plays the role of a (generalized) poten-
tial energy.

The picture differs when the RVE is heterogeneous, since the surface condi-
tions intervene as boundary conditions, and further determine the proper choice of
the control variables. For a RVE, there are a priori no well defined boundary con-
ditions (unless it is considered as homogeneous), and one is then free to chose any
set of control variables, in coherence with the physical nature of the phenomena
occurring within the RVE, and according to the exchanges of the RVE with its
surrounding. Those control variables can for instance be selected considering an
external reservoir characterized by fixed values of some parameters (extensive or
intensive). For instance, considering a RVE immersed in a reservoir imposing
both a constant volume and entropy, the internal energy of this RVE is minimum
at equilibrium. The various potentials are usually mutually related via Legendre
transformations, which prove the adequate mathematical tool to interrelate poten-
tials together with their control variables in a coherent manner.

2.1 Reminder of Thermodynamics: Gibbs and Gibbs-Duhem
Relations

In order to set the stage, and following the axioms of classical thermodynamics as
stated in (Callen, 1985), see also Muschik (1993), Wilmanski (1996), let assume
the existence of a functional E=E (VF,S, N) , called the internal energy, be-

ing extensive with respect to its arguments, those arguments reflecting the differ-
ent forms of energy:

- Mechanical energy (choosing the transformation gradient F as a kinematic
variable, with a nearby constant volume V );
- Calorific (or heat) energy, represented by the total entropy S ;

- Chemical energy, represented by the number of moles N = {Nk k= 1..n}

of the various species (here synthesized in vector format).

The extensity of E (homogeneity of degree one) expresses as (Euler’s
theorem):

E(AVF,AS,AN)=AE(VF,S,N), VAe R 2.1)
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Deriving (2.1) with respect to A at A =1 leads to the Euler’s identity

a—E:(VF)+a—ES+a—EN=E(VF,S,N):>

d(VF) oS ON (2.2)

E(VF,S,N)=T(VF,S,N):(VF)+9(VF,S,N)S+},L,((VF,S,N).Nk
wherein the intensive quantities conjugated to the independent extensities have
been introduced: the first Piola-Kirchhoff stress tensor T(VF,S,N), the tem-
perature G(VF,S,N), and the chemical potentials [L, (VF,S,N) of the spe-

cies labeled by the index k, each of them being a function of the control variables
(F,S,N). It is important to note that the intensive nature of these variables (in

the sense they are independent of the volume) means they satisfy the following
relationships

T(AVF,AS,AN) =A"T(VF,S,N)=T(VF,S,N)

and similarly for both functions G(VF, S, N) and L, (VF, S, N) .

Accounting for the definition of intensities associated to the arguments of E
then leads to the fundamental Gibbs relation

dE =T:d(VF)+6dS +p,dN,

Gibbs relation can be alternatively written for the energy density e =E/V as

de=T:dF+0ds+u,dn, (2.3)
introducing therein S,n, the entropy density and mole concentration
respectively.

The Gibbs relations lead to the state laws
de de de
—=T, —=0;, —=p, 2.4)
oF ds on,

The differentiation of Euler’s identity (2.2) — dividing by the volume V - fur-
ther leads to the well-known Gibbs-Duhem relation (Callen, 1985)

F:dT +sd0+n, du, =0 (2.5)

traducing the mutual adjustment of the intensive variables along the thermody-
namic equilibrium path followed by the system. Observe that due to Gibbs-
Duhem relation, the internal energy density can be integrated from (2.3) (up to a
constant term) as

e=T:F+06s+u.n,
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Previous decomposition underlines the fact that the mechanical contribution of
the internal energy incorporates both the strain energy density

W, =W, (F) .= f T : dF and the complementary strain energy density

W, (T) = f F : dT (with the representation F = F(T) implicitly assumed

in the last integral).

Both the Gibbs and Gibbs-Duhem relations are at the roots of thermodynamics;
Gibbs-Duhem relation expresses the adjustment of the intensive variables during
the variation of the extensities.

2.2 Eshelby Stress in the Light of the Thermodynamics of Open
Systems

We consider a representative volume element (volume element isolated within a
continuum body, much larger compared to the typical size of the heterogeneities,
but also much smaller compared to the macroscopic size of the body) as an open
heterogeneous system exchanging simultaneously work, mass and heat with its
surrounding.

The consideration of the boundary conditions applied to the RVE sets up a link
between the nature of the control variables in the context of thermodynamics
(those control variables are the arguments of a corresponding thermodynamic
potential) and the nature of the fields that obey the imposed boundary conditions:
those surface fields acquire the status of control variables per se. Those boundary
conditions have to be further accounted for by a proper variational formulation.

In order to set the stage, let define the grand potential in terms of its spatial
density

W= w(G(x,t),F(x,t),uk (x,t)) - fT : dF+fF 1dT = W, (F)+ W (T)
(2.6)

(the listed arguments of w will be justified later on). The two previous
expressions are taken as definitions of the strain energy and complementary strain

energy density (quantities WO (F) and Wg (T)) respectively; they represent the

area below and above the curve T = T (F) respectively. Hence, w expresses as:
w[6,F,p]=T:F (2.7)

assuming the existence of a strain and stress free reference state. We thereby con-
sider the framework of continuous open systems exchanging not only work (as
conceived in the original work of Eshelby), but also mass (transport of chemical
species) and heat with their environment.

The grand potential is a quantity used in statistical mechanics, especially for ir-
reversible processes in open systems (see Goodstein, 1975, p. 19), who refers to it
as the Landau potential, or the contribution of Chang (2002). Considering the
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case of homogeneous gases, the grand potential has been set up as the Legendre

transform of the internal energy E with respect to the temperature T and the
chemical potential [, viz (keeping the original notations)

@, =E-TS—uN 2.8)

The more specific choice of internal variables identified to mole numbers shall
be adopted here and in the sequel, without however restricting the generality of
the presentation.

From the Gibbs-Duhem relation (2.5), the differential of the grand potential is
obtained form a straightforward calculation

do=-sd0+T:dF —n,du, (2.9
resulting in the thermodynamic relations
ow ow ow
— =—5;, —=T; — = —n, (2.10)
3 9F A,

highlighting G,F,uk as the arguments of (. Hence, relations (2.10) show that

the grand potential is the extension to the tensorial case of the original definition
(2.8) in the case of homogeneous gases. It further represents the partial Legendre
transform of the internal energy with respect to the temperature and the number of
moles (here the internal variable o, see (Callen, 1985, pp. 146-148). The total
Legendre transform of the internal energy would give the zero potential, see
(Callen, 1985, p. 148, equ. (5.60)).

Remark: the contributions on the r.h.s. of d® in (2.9) are successively the quasi-
static heat flux, the incremental work of the internal stresses and the so-called
quasi-static chemical work (Callen, 1985, p. 36).

The grand potential is next involved to build a weak form of thermodynamic
equilibrium. From the static equilibrium equation

ViT+f£ =0
with fO the body forces, the definition of the transformation gradient
F:=Vix

and an integration by part, the integral of (® on a control volume V is related to
contributions involving the applied loading (body forces and surface tractions

T.N):
[0dV = [£,pdV + [ (T.N).ydS 2.11)
v v oV

with Y a virtual kinematically admissible position field. The boundary OV can

be partitioned such as to evidence a control in the placement on a portion Sow
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and a control in stress (or rather in traction) on a complementary portion S, ,

(with Sow NS, =), according to

[wdv=[T:Fav = {jfo.wdv + [ (! .N).\yds}+ [ (T.N).y'ds=W, +W,
\% v \% Sot Soy

2.12)

involving the controlled (prescribed) stress and displacements Td,\|ld respec-
tively, introducing therein the works of the imposed body forces and tractions
W, and the work of the imposed placements, viz the quan-

ity W, = [ (T.N).y'dS.
Sov

The Gibbs-Duhem relation allows expressing one of the intensive variables in
the triplet (e,T,},lk ) vs. the two remaining variables. Using (2.11), a Legendre

transform of w versus the work terms gives a new potential (this constitutes a
Legendre transformation, whereby the fixed surface fields have been eliminated
from the set of arguments of the resulting potential), which identically vanishes,
called for this reason the zero potential, defined as:

Q[0,w.1,]= [ 0dV 4 [f,pdV+ [ (T'N).ydS{- [ (TN).y'ds=0
A A Sot Soy

2.13)

Observe that the zero potential constructed thereabove is the tensorial generali-
zation of the zero potential, accounting for the boundary conditions over the
(heterogeneous) RVE.

The zero potential is constantly nil, hence it is extremal, viz

3Q[0,y,p, |=0 (2.14)

for the solution field at the thermodynamic equilibrium of the system, and what-
ever the material constitutive law be. Thereby, a generalized potential energy
in a thermodynamic framework has been set up, allowing for the consideration
of the thermal and chemical forms of energy, in addition to the mechanical
energy.

Observe that the stress has been substituted by the temperature and chemical
potential as new control variables: it is thus not possible to control the stress, and

essential boundary conditions on the portion of surface St have to be prescribed
in the formulation of the associated extremum principle, namely

T.N =t"on S,, (2.15)
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The variation of the three fields functional Q[@,\Il,uk] in (2.13) is next

evaluated (the integration volume and surface are fixed), with the body forces fO

and surface tractions t° acting in the fixed volume and on the fixed part of the
boundary Sw and SOt respectively. The displacements are held fixed on the part

of the boundary S , equal to v’ . Note that this constitutes a mixed (three fields)
principle in a thermodynamic sense (due to the Gibbs-Duhem relation), albeit it
becomes a two-field principle when the set of variables (e,uk ) is substituted by
the stress variable T .

The material variation (at fixed material position: the index X is dropped in

the variation, hence 0 = 8, ) of 2 [9, ¥, uk] is obtained as

800w, ] = [ Div(-2-(s0+ nkuk)l)f)XdX — [ (omiv(st) + ukDiv(nkI)).BXdX +

Vi Vo

+[(0.W,)  sXaX + [F,
Vo

v

y'ds

0 Sop

(2.16)

introducing therein the mechanical Eshelby stress (Eshelby, 1957; Markenscoff
and Gupta, 2006)

S=wI-F'T 2.17)
Observe that this Eshelby stress incorporates the density of the grand potential,
sum of the strain energy den51tyW (F) and of the complementary energy den-

sity VVC (T); hence it differs from the classical version, which relies on Wo (F)

exclusively. In deriving (2.16), (2.17), one has used the following expression of
the material variation

B0 0w 0w
99 5(Vou)+ 2250+ 225
oy VAW H g 80T o,

The first contribution on the r.h.s. has been integrated by part, and the varia-
tions therein have been expressed successively as:

o y+F5 X=0; 60=V,00X; oy, =V, pu,.0X

ow= Bm(G,F,uk) =

Adopting the synthetic notation SQV()I for the volumetric contributions in the

variation 0QQ_ , the stationnarity of {2 [9, |, Mk] then leads to the balance law

vol ?

(a necessary condition)

8Q,, =0= DIvE + (0V, s+, V,n )+ F'.fy, =0 18)
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introducing therein the following energy momentum tensor in a thermodynamic
context

Ei=—%—(s0+np,)I (2.19)

This generalized Eshelby stress includes a first contribution recognized as the
mechanical Eshelby stress (accounting for the mechanical energy contribution of
the internal energy, as reflected by (2.17)) and a second contribution accounting
for the thermal and chemical forms of energy.

The Eshelby tensor in (2.19) is similar in form to the Eshelby material tensor
elaborated in Maugin (2006a), considering the scheme of the classical entropy-heat
flux relation, with the contributions of the different form of energies explicited.
Eshelby material stresses have been further derived by the same author considering
dissipative solid materials described by a diffusive internal variable, Maugin
(2006b), letting the Helmholtz energy density additionally depend upon the
gradient of the internal variable. The reader is also referred to the works of Epstein
and Maugin (2000), Maugin (1993) and Eshelby (1970) related to those tensors.

The balance law (2.18) is supplemented by the natural boundary conditions

4= a—w.N (2.20)
OV

3 Eshelby Tensor and Gibbs-Duhem Constraint as a
Transversality Condition

The goal of this section is to recast the classical Gibbs-Duhem condition (see
Callen (1985)) into a more general tensorial form, derived as a transversality con-
dition of a thermodynamic action integral. Consider the Hamiltonian action

A= | l(a,u)dQ (3.1)
/

with the spatio-temporal integration domain €2 = V X [tp tQ], involving the
Lagrangian density l(a,u) (per unit volume and per unit time), noting here
(a, 11) = (ai, uj) the set of independent and dependent variables respectively
(in the sense that each component u’ is a function of the coordinates a' ), written
as contravariant vectors, arguments of the density l(a, 11) . The general notation

V for the volume is adopted in the sequel.
Observe that due to its status as a thermodynamic potential, the density

l(a, u) cannot depend explicitly upon time and space (here the chosen parame-

terization @ ), hence l(a, u) = 1(u), which means that the lagrangian density
depends on the sole fields.
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The Lagrangian density may be selected as the rate of the density of any ther-
modynamic potential, in coherence with a proper choice of thermodynamic con-
trol variables: selecting for instance the rate of the internal energy density in (2.4),
the stationnarity of the Hamilton action in (4.1) delivers as necessary condition
A= fé(F,s,nk)dQ —8A=0=Vx€{Fsn}, i[a—? _% _y

’ dt| % ox

with X denoting any of the three variables F,s, n, . Those three equations ex-

press the state laws (2.4) in rate form, involving the Hessian of the internal energy
(Magnenet at al., 2007):

T € SR Cg, F
O |=les e, ey || (3.2)
uk e’“kF e’nke e’“k“k nk

In the same vein, and drawing the parallel with (3.2), using the rate of the
grand potential as a lagrangian viz

D=—s0+T:F-nf,
the following Euler equations are obtained

o ds, OT . on, . : ' -
=367 25 ¥ g T = Qb+ 0 K0, 11,

00 0s 8T.F_aﬂ

=p =0 op F=p i, =00+0 Fro. 1, (3.3)
-, = 0 __ 9 4, 0T j_on i=0,0+0, F+ro, W,
ow, o, oy, o, ’ ’ ’

Those necessary conditions are fully equivalent to the state equations in rate
form involving the Hessian of the grand potential, which also result by taking the
rate of relations (2.10).

The variation of the functional A under the action of a Lie group (continuous
group of transformations) with parameter | is next obtained (Olver, 1993) as the

sum of a volumetric contribution 6Aw1 = f QEL [1 (u)] dV , involving the
v

Euler operator XL (.) and the characteristic of the generator vector field Q, and

the surface contribution

8A, =uf |1 +(0" —u'g’)

ol N,d(dV) (3.4)
u

a k
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keeping the generic notations ukj , which encompass both the spatial and temporal

derivatives of the dependent variables u". The components & (resp. ¢) denote
the horizontal (resp. vertical) variations of the independent (resp. dependent)
variables, such that u&=6X and pu =du.

On the optimal trajectory, both the volumetric and the surface contributions to
OA have to vanish, viz

6lAvol = O
0A =0 3.5
A =0 G-)

surf

Adopting further the elegant and compact viewpoint of differential geometry
(Cartan, 1977; Ganghoffer, 2007), the previous variation of the action integral in
(3.1) can be equivalently written in the more compact differential form

L, ®=i,do+d(i,®) (3.6)
that allows a condensed writing of the

Noether’s theorem (differential version): under the conditions Lxm =0 (invari-

ance of ng = IQ 1dX by the group generated by X ) and 1,d® =0 (the Euler

equations are identically satisfied), the following conservation law is obtained:
d(iy®)=0 3.7)

Thereby, in the language of differential geometry, and as a consequence of the

optimality conditions of Jacobi action, the quantity 1, @ , representing the interior

product of the one form w = IdX by the vector field X, is conserved along

the optimal paths followed by the media described by the Lagrangian density L .
This condition represents a strong form of the stationnarity condition of the action

integral S, in the sense of the implication

i\ dB=0=58[m=0
C

From a mechanical point of view, this incremental formulation of a least action
principle is in agreement with the differential writing of the hyperelastic constitu-

oW,
tive law (dT = —2 : dF); it is accordingly best adapted to the formulation

OF
of a least action principle.
As a necessary optimality condition of the Hamiltonian action (3.1), the vanish-

ing of the surface contribution (3.4), viz the condition 0A = 0, renders for

surf
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fixed values of the fields at the boundary (in the case of a purely horizontal varia-
tion: d° = 0 < du* = 0) the condition:

d(iyw) = 0= |18 — u 3611115 N, =0 (3.8)

This condition is further explicited, adopting the lagrangian density

. do
== d_ , with (D=(D(9,F, uk) : one works out the term
t

15— ut a?llk_ = 5] — (~0s5] ~n 1,8 + T, : F, )
) 3.9
o 11—1'1:5—31 = &I —(—6sI —n 1, T+ TF")
From (2.7), we further express the Lagrangian density
l=0=T:F+T:F (3.10)
which inserted into (3.8) gives (in tensorial format)
1I—1'1:§—3:(T:F)I—T.FT+(T:F)I+(és+nkuk)l 3.11)

Hence, the necessary condition (3.7) becomes
(T:F)N—(TF')N+(T:F)N+(0s+n,0, )N=0 on 92 (3.12)
which can be alternatively written (see (3.9))
(OI-TF') N+(6s+n,11, )N=0 (3.13)

Thereby, a generalized tensorial-like Gibbs-Duhem condition resulting from
the transversality condition of the Jacobi action (3.1) has been obtained.

4 Summary and Perspectives

As a main thrust of this contribution, the notion of energy momentum tensor has
been related to the thermodynamics of open continuum bodies exchanging work,
heat and chemical species (hence mass) with their surrounding, in articulation
with the calculus of variations, and especially the so-called transversality condi-
tion (considering a domain with movable boundaries). Thereby, the mathematical
structure of thermodynamics has been exploited, namely Gibbs and Gibbs-Duhem
conditions have been used as its two basic pillars. The Lagrangian density
entering the Hamiltonian action has been identified to the material derivative of
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a thermodynamic potential, rendering the state laws in rate form as the Euler
equations.

An Eshelby stress including mechanical, thermal and chemical contributions
has been constructed, starting from a weak form of the equilibrium equations
involving the grand potential. Further thermodynamic-like energy-momentum
tensors may be constructed in a similar manner, starting from a specific choice of
a thermodynamic potential (or rather its rate). All these potentials are equivalent
to each other, in the sense that they are mutually related by a Legendre-Fenchel
transform; amongst all those potentials, the grand potential plays however a privi-
leged role, in the sense it allows formulating a universal extremum principle, valid
for a general hyperelastic constitutive law.

The Gibbs-Duhem condition in tensorial format has further been obtained from
the optimality conditions, as the transversality condition associated to the Hamil-
tonian action.

As a final remark, observe that the Eshelby stress appears in the domain varia-
tion of the Hamiltonian action (the surface contribution (3.4)); thereby, it enters
into the expression of the material forces (of a thermodynamic nature) that trigger
the domain variation in the context of open continuum solid bodies exchanging
both mass, heat, and work with their surrounding
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Nonlinear Hyperbolic Equations and Linear
Heat Conduction with Memory

Sandra Carillo

Abstract. The model of a rigid heat conductor with memory is considered. Specif-
ically, in the one-dimensional case, a connection, via Cole-Hopf Transformation,
between the linear integro-differential evolution equation which describes heat con-
duction with memory and a nonlinear partial integro-differential equation of hyper-
bolic type is established. Notably, when the heat conductor is homogeneous, as well
as when the homogeneity hypothesis is removed, the differential operator of the
transformed nonlinear partial differential equation is of hyperbolic type.

1 Introduction

Heat conduction problems are here considered within the framework of materials
with memory. Indeed, the introduction of memory effects to overcome the infinite
speed of propagation of heat, exhibited by the classical linear heat equation, goes
back to Cattaneo [2]] who suggested a new generalized Fourier’s law which linearly
relates the heat flux, its time derivative and the temperature-gradient. Since then, the
model of heat conduction with memory has been widely studied to investigate the
behaviour of those materials in the case when their thermodynamical status depends
on time not only through the present time, but also through its past history and,
hence, memory effects cannot be neglected.

The model here referred to takes its origin in the work by Coleman [3] and,
later on, by Gurtin and Pipkin [10]. Heat conduction in a fading memory material
is studied by Giorgi and Gentili [§]. In particular, the integro-differential equation
to start from is that one obtained by Fabrizio, Gentili and Reynolds [7]], who were
concerned about the thermodynamics of a rigid homogeneous heat conductor with
memory. Furthermore, hyperbolicity of Volterra integro-differential model of heat
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conduction with memory has been observed by Gurtin and Pipkin [10] and, later by
Davis [6]] and Belleni-Morante [[]].

The study of the linear integro-differential evolution equation is here attacked
under a perspective which is different from previous works in the wide literature.
Indeed, the aim is to show that the model equation under investigation is related
to an hyperbolic nonlinear wave type equation, via a Cole-Hopf Transformation, a
special case of the much wider class of Biacklund Transformations. The latter repre-
sents a powerful tool in investigating nonlinear differential equations both in reveal-
ing structural properties as well as in finding new solutions to assigned problems.
Notably, when two initial boundary value problems are connected via a Béicklund
Transformation, the same link between their solutions is established. Hence, so-
lutions to a problem can be constructed on transforming the corresponding ones
of the other problem, linked via Bicklund Transformation. This, is exactly the
framework in which, independently, Cole [4] and Hopf solved an initial value
Burgers problem recognizing that Burgers equation is related via a Backlund Trans-
formation, thereafter known as Cole-Hopf transformation, to the classical linear heat
equation. Accordingly, in [9] the solution of an infiltration in soils problem, mod-
eled via a Burgers initial boundary value problem, is explicitly obtained in terms of
complementary error functions.

An extensive bibliography concerning applications of Bicklund Transformations
in solving boundary and initial value problems is comprised in Rogers and Shadwick
[15], and, more recently, in Rogers and Ames [16]].

The material is organized as follows. Section 2 is devoted to a brief introduc-
tion of the model under investigation to show how the integro-differential evolution
problem of interest is obtained. Section 3 concerns the connection, via Cole-Hopf
Trasformation, of the linear Gurtin-Pipkin integro-differential evolution problem
with a nonlinear wave type one. The closing Section 4 comprises some remarks
and connections with other works in the literature.

2 Evolution Problems in Thermodynamics with Memory

This section is concerned about a brief introduction to the model which gives rise to
an integro-differential equations to describe heat conduction in a rigid media when
memory effects occur. Here, for sake of simplicity, the internal energy, denoted by
e, is assumed to be proportional to the relative temperature, thus

e(x,1) = awv(x,1) , (D

where ¢ denotes the time variable, and v := 6 — 6 the temperature difference with
respect to a fixed reference temperature 8y, and oy represents the energy relaxation
function, here assumed to be constant, x € Q C IR3 denotes the position within
Q, the bounded closed set in IR* which represents the configuration domain of the
conductor. The heat flux q € IR? is assumed to satisfy the constitutive equation
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a(x,1) = —/Om k(x, T)VO(x, — ) dt 2)

where, since 6y denotes a constant, Vv = V0 is the temperature-gradient and k(x, T)
the heat flux relaxation function. The latter is subject to the analytical restrictions
required by Giorgi and Gentili in [8] and Fabrizio, Gentili and Reynolds [[7]] to guar-
antee the physical admissibility of the model.

The space-time domain wherein the unknown function v, which represents the
temperature, is defined is Oy = 2 x (0,T) C R? x IR, where Q C IR? denotes the
heat conductor configuration domain. The evolution problem reads:

v = =V .q(x,t) + r(x,r) 3)
qx,t) = +/wk(x,s)Vvt(x,s)ds “4)
0

where k denotes the partial derivative of k with respect to the time variable, while
r(x,t) denotes the heat supply and

V'(x,5) i= /:Vv(x, 1) dr, )

the integrated history of the temperature-gradient; hence, on substitution of the ex-
pression of the heat flux ¢ in (@), the evolution equation reads

v=-V- /Ow k(x,5)VV (x,5)ds+ r(x,1) . (6)
According to [3], the evolution problem can be, equivalently, written under the form
v(x,1) = V- /0 k(.1 — T)Vu(x, D)dT— V- (x,1) 7

where I'(x,7), defined via
P(x,1) = /0 Tkx+ oW (x,7)dT ®)

is assigned together with the initial and boundary conditions. When the heat supply
r(x,t) is assumed to be in gradient form, namely r(x,t) ;== —V-R(x,t), then the
initial status as well as the source term, are comprised in

Ox1) = / K (x,t 4+ 1)V (x, 7)d + R(x,1)
0
0 0 €)
Vvi(x,t):= [ Vv(x,s)ds
—t
while the initial conditions are given when the initial temperature distribution vo(x),
say vo € C'[0,L], is assigned and boundary conditions are prescribed further to a
sufficiently smooth
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=(x,1) =1°(x,1), 1€(0,T). (10)

Specifically, when an isolated heat conductor is considered, initial and boundary
conditions read, in turn

v(x,0) = vo(x), (11)

q(x,t)-n(x)=0, Vr>0 (12)

where n denotes the outward unit normal 7y the smooth boundary dQ. Notably,
according to (9], it is required to assign the thermal history only in the finite time
interval (—,0), t € [0,T].

The existence and uniqueness of the solution to such a problem has been already
proved in [3] on application of variational methods. Here, in the following Section,
the hyperbolic behaviour of the evolution equation (@), in 1 + 1-dimensions, is ob-
tained on recognizing that it is connected, through a Cole-Hopf transformation, to a
nonlinear hyperbolic equation.

3 Cole-Hopf Transformation

This Section is concerned about how to relate the equation under investigation to a
nonlinear hyperbolic-type equation. For sake of simplicity, the case when the heat
conductor is 1-dimensional is considered. Accordingly, the integro-differential evo-
lution equation (7)) reads

1 -
v = [/ k(x,t — T)ve(x, T)dT—IO(x,t)] , (13)
0 X
where now x € = [0,L] C IR. In addition, the heat flux relaxation function is
assumed to depend only the time variable #, namely, the case of a homogeneous rigid

heat conductor is considered. Then, the adopted thermodynamical assumptions
[7], imply that

t
K(r) = ko + / k(s) ds | (14)

0
where ko = k(0) represents the initial (positive) value of the heat flux relaxation
function, thus termed initial heat flux relaxation coefficient. It is further required

that
ke L'MRMNL*(RT) and ke L'(RY) (15)

which imply k(ee) := tlim k(t) = 0. The latter can be physically interpreted recalling

that there is no heat flux when, at infinity, the thermal equilibrium is reached.
Hence the evolution equation (I3)) reduces to

Ve = /Otku—r)vxx<x,r)dr—12<x,r> , (wn) eI xR (16)
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when the source term is set equal to zero. Partial derivation with respect to ¢ of such
an equation shows its hyperbolic type character. Exactly this character is empha-
sized on showing that (I6) connected via a Cole-Hopf Transformation

ve—uv=>0 (I7)

to a nonlinear hyperbolic equatior]. Indeed, (I7) implies

0
u=D:Inv, D,:= (18)
ox
and, on introduction of its inverse operatoﬂ denoted as D;l, defined via
Dy S = [ () (19)
v(x,) = P =y (x,) = ux, ) €Pr 1) (20)
and B
vi(x,) = D;lu,(x,-)eD* u(x;’) 21

that, after multiplication of both sides by e~P+ “(%) | gives
Dy (x,1) = ¢ P ulx) /0 (e — 1P D2 (6, 1)+ (x, )]dT— P(x ) . (22)
which can be written also as
Dy 'y (x,0) = /0 tk(t — )P DO 2 () uy (x, T)]dT — P(xyr) . (23)
The latter, on application of the operator D, on the left of both sides, reads
= /0 k(1) [P DN 0 0) (e, D)} dT-T(er) . 24)
The latter, when the both sides are derived with respect to ¢, reduces to
s = Ko (1t + 2utey) + /O t{k(t =) [ 1IN (e, 1) g (1,7)] | | dT Ty ().

(25)

where ko = k(0) , ko > 0. Hence, the initial boundary value problem (2.7) together
with the initial and boundary condition (I1) - (I2), in the 1-dimensional case, is

! The same property is enjoyed by the generic non homogeneous I-dimensional
equation (I3)).

2 No problem in its definition since the 1-dimensional heat conductor is assumed of finite
length, however, the infinite length case can be treated in the same way provided the pos-
itive valued function v is assumed to belong to the Schwarz’s space of functions rapidly
decreasing together with all their x-derivatives as x — oo,
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related to the nonlinear equation (23) together with the initial and boundary condi-
tions which follow on application of the Cole-Hopf transformation, that is

u(x,0) = 128 vo(x) #0 (26)
u(x,t)|y=0 = u(x,1)|x=£0, Vt>0. 27

where the condition of no heat flux through the boundaries is translated into the
homogeneous boundary conditions (27) at its two endpoints.
Note that, if (I6)) is replaced by the Volterra integro-differential equation

o= [ ke de | (e e 0xR e8)

the same approach gives the same result; indeed, also the inverse differential opera-
tor D! can be defined in the same way.

A slightly different result follows when the thermal conductivity k& depends on
the space variable todd. Accordingly, the evolution equation

t o -
= /0 {k(x,t—r)eD 1[“<X’7)_“(x”)][u2(x,r)—|—ux(x,r)]} dr—1,(x1),  (29)

which gives
gy = k(x,0) (upy + 2u1ty) + ky(x,0) (u2 +uy)+

' . _ (30)
/ {k(xJ _ T)eD [u(x,7)—u(x,1)] [MZ(X’ ‘L') + ux(x, ‘L')]} dt— ngt (X,t)
0 xt

which, again, shows its hyperbolic nature.

However, the applied Cole-Hopf transformation, turns out not to be of help in
finding solutions to given initial boundary value problems since the nonlinear equa-
tion (23), related to the linear equation (I6) which model heat conduction with mem-
ory, is not easy to handle.

When the integral term in (23) is omitted, the equation:

uy = ko (Uxy + 2uuy) 3D

follows. The latter, not referring to any initial or boundary condition, by inspection,
can be checked to admit, further to the trivial solution u(x,#) = A, for any arbitrary
chosen real constant A, both the traveling wave solutions

k() — 6’2

A eR RT. 32
ko(x:tct—|—A)7v €R, Vee (32)

us(x,1) =

3 In such a case the fading memory requirement is fulfilled when (3.2) and (3.3) are satisfied
at each point of the rigid heat conductor.
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In (32)), the propagation speed c is arbitrary, however if ¢? = ko, then both solutions
reduce to the trivial zero solution. In addition, no matter the value of A, on applica-
tion of the Cole-Hopf transformation (I7), u (x,), are transformed into v(x,?) = B,
where B denotes an arbitrary real constant. A systematic study of equation (3 is
currently under investigation; indeed, even if its physical meaning is not clear, as
yet, it seems very interesting under the structural viewpoint.

4 Concluding Remarks

The aim of this closing Section is to analyze the obtained result to show perspectives
it opens as well as its limits. Finally, connections with other works are given.

First of all, the Cole-Hopf Transformation, here, is applied to a linear evolution
equation instead than to a nonlinear one. Indeed, in most of the cases Bicklund
Transformations are applied to obtain a linear equation from a nonlinear one: this
is the viewpoint of Rogers and Ruggeri [17], who, considering a nonlinear model
of heat conduction, via a reciprocal transformation, related it to a linear telegraph
equation. Here, conversely, the idea is to connect a linear integro-differential equa-
tion to a hyperbolic nonlinear differential equation, to provide a new justification
of the well known hyperbolic behaviour of such a linear integro-differential equa-
tion. This viewpoint is currently under investigation to reveal connections with other
works as well as, possibly, explicit solutions to some boundary value problems of
interest.

Connections between heat conduction and nonlinear hyperbolic type equations
have been studied by many authors who were concerned about the physical model:
a review on heat waves is due to Joseph and Preziosi [12]], subsequent results, also
referred to experiments, are given by Saxton and Saxton [I18]. However, these mod-
els are concerned about some refinements which take into account a richer phe-
nomenology, which originates nonlinearities, with respect to that one of the model
here considered.

In addition, the nonlinear equation (Z3) is not seem to be promising to find new
solutions to initial boundary value problems. Conversely, the nonlinear equation
(31, even if it provides no solution of the heat conduction problem under investiga-
tion, looks interesting in itself under the structural viewpoint. Indeed, it seems it has
not been studied as yet. Non linear equations whose higher order part coincides with
the second order linear wave operator appear in the work of Lagno et al [13} [14],
of Vladimirov and Kutafina and of Vladimirov and Maczka [20] who are con-
cerned about hyperbolic generalization of Burgers equation; however, no choice of
the parameters therein comprised produce the nonlinear equation (31); indeed, all
the nonlinear equations therein do include various terms with time derivatives.
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ematical models and methods in continuum physics are gratefully acknowledged.
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Mesoscopic Mechanical Analyses of Textile
Composites: Validation with X-Ray Tomography

Pierre Badel, Eric Maire, Emmanuelle Vidal-Sallé, and Philippe Boisse

Abstract. The knowledge of the deformed geometry of woven fabrics is necessary
in applications like simulations of permeability of woven fabrics or composite
damage simulations. Finite element mesoscopic analyses of textile reinforcements
can be used to this aim. The mechanical behavior of the yarns is very specific and
the constitutive model used in the simulations is an important aspect of the
simulations. The objective of the present paper is to present mesoscopic analyses
of woven textile reinforcement deformation based on a specific continuous
constitutive model.

The constitutive model has to convey the specificities of the fibrous material of
the yarns. The large longitudinal stiffness of the yarns compared to other rigidities
and the transverse behavior of the yarns are two crucial aspects for mesoscopic
analyses of woven reinforcements. A transversely isotropic model is used within
the frame of hypo-elasticity. The objective derivative used in the constitutive
equation is specifically defined from the fiber rotation to account for the first
aspect. The transverse behavior plays a major role in the final deformed shape of
the yarns and the fabric. The identification of the model’s parameters is performed
via an inverse method.

Large deformation analyses of unit cells (at mesoscopic scale) are presented in
order to show the efficiency of the approach. The pure shear behavior of a
reinforcement is compared to experimental mechanical tests showing a good
agreement.

Keywords: Textile composites, Hypo-elasticity, Fibrous material, In-plane shear.

1 Introduction

The RTM process for composite material forming consists of three stages. A dry
textile reinforcement is formed (preforming stage), then the resin is injected within
this preform and cured to obtain the final composite part. During the first stage,
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the reinforcement undergoes in-plane deformations like biaxial extension, in-plane
shear, compaction, bending. These deformations can be large especially in-plane
shear which is essential in the case of double curved shapes. These macroscopic
deformations are directly related to mesoscopic deformations of the reinforcement
(at the scale of the yarns). For instance large in-plane shear of the reinforcement
leads to a significant lateral crushing of the yarns. As a consequence, the
macroscopic behaviour of the fabric is related to its mesoscopic behaviour.
Moreover the local deformations can modify the mechanical properties of the
reinforcement and its permeability.

The objective of this paper is to present mechanical analyses of a woven
composite reinforcement representative unit cell (i.e. at mesoscopic scale). These
simulations enable to determine the macroscopic mechanical behaviour at large
strain of dry reinforcements. This mechanical behaviour is necessary in finite
element simulations of the performing stage. Besides, knowing the deformed
geometry of the woven cell enables to determine the permeability of the fibrous
reinforcement via Stokes (or Stokes Brinkman) flow simulations within this
deformed cell. At last the geometry of the deformed reinforcement heavily
influences the mechanical behaviour of the final composite part. In particular,
meso-scale damage prediction simulations require knowing this geometry.

The yarn constitutive model used in the following analyses is based on a hypo-
elastic approach. The behaviour of the yarn is very specific since it is made of
thousands of fibers which can slide with respect to each other. Therefore the
objective derivative used in the yarn hypo-elastic constitutive model has to be
governed by the fiber direction. The yarn is supposed to be transversely isotropic.
The parameters of the material model are identified by an inverse method. In this
paper, an example of in-plane shear of a unit cell is shown and compared with
experimental results on the mechanical point of view.

2 Yarn Constitutive Behaviour

2.1 Rate Constitutive Equations

Rate constitutive equations (or hypo-elastic laws) are very much used in finite
element analyses at large strains [1]. User subroutines that can be implemented in
codes such as ABAQUS to define the mechanical constitutive behaviour are
written within this framework. A stress rate gv is related to the strain rate D by a
constitutive tensor C. In order to avoid that rigid body rotations affect the stress
state, the derivative GV, called objective derivative, is the derivative for an

observer who is fixed with respect to the matter. Because this requirement is not

uniquely defined there are several objective derivatives. In this work rotational

objective derivatives correspond to a rotation tensor Q characterizing the rotation

of the matter. The rate constitutive equation has the form:

\ . \Y d T T_°
22:2 with ¢ :Q(d—(Q gQ) Q =c¢+o. (1)

Ia
ke
ke
Ia

where Q is the spin corresponding to Q. i.e. Q = Q.QT )
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The most usual objective derivatives are those of Green-Naghdi and Jaumann.
In the case of the derivative of Green-Naghdi the rotation Q, considered as that of
the matter, is the rotation R of the polar decomposition, which is derived from the
decomposition F=R.U of the gradient tensor. In the case of the derivative of

Jaumann, Q is the rotation of the corotational spinless frame, Rs, which is derived

1
2
During a finite element analysis the rate constitutive equation is used to update
stresses once the displacement field and the corresponding strain field have been
computed over the current time increment. Integrating equation (1) over a time
increment At = ™' - t" leads to the widely used formula of Hughes and Winget [2]
for stress update:

(o™ ] =[¢" ] +[C“*”2l‘m,2 [Ac],.: with [A€] .. = [C"*”?]C?M [D"*”zl:”,,z At(2)

from the velocity gradient Vv and the spin Q= (Y! —YTX) =R, Bz :

where [S]e“ denotes the matrix of the components of the tensor S in the basis

e®e® .. ® e,at time t". Voigt notation is used: the components of a second
order tensor are arranged in a single column matrix. The basis of vectors ¢" (i =1,
3) comes from the transportation at time t" of the initial basis vectors e;’ by the
rotation Q which defines the objective derivative (1). The frame {e;", e," e5"}
denoted as {¢;"} is called rotated frame.

2.2 Textile Composite Reinforcement Mechanical Behaviour

Textile materials are made of fibres, which makes their mechanical behaviour very
specific. Relative sliding is possible between fibres (see fig. 1a). The yarns are
made of thousands or tens of thousands of fibres and it is in general not possible to
model each of them. The constitutive model that is introduced in the present paper
is a continuum model intended to stand for the specific mechanical behaviour of
the fibre bundle (fig. 1b). In this paper a single fibre direction is considered since
the mesoscopic scale is the scale of the yarns. The fiber bundle behavior is
supposed to be transversely isotropic. The transverse behaviour is thus assumed to
be isotropic (though unhomogeneous). This assumption is supported by high
resolution tomography observations [3] made on deformed and undeformed
reinforcements (fig. 2).

The equivalent continuum behaviour must take into account the fibrous nature
of the material. The fibre direction stiffness is much larger than the others.
Consequently the constitutive tensor C is oriented by f; the unit vector in the
direction of the fibre. The direction of the vector f; is in general not constant in
{e;}. Since it is a material direction, the initial fibre direction f,° is transformed by
FE, the gradient tensor, into f; while {e;} is rotated by Q.

To solve this problem the proposed approach [4] consists in using for equation (1)
an objective derivative defined from the fibre rotation.
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Fig. 2 Tomography reconstructed slices of a glass plain weave. Undeformed state (top) and
biaxial tensioned state (bottom). (different scales)

2.3 Objective Derivative Based on the Fibre Rotation

In this approach, the rate constitutive equation (1) is based on the rotation of the
fibre f;:

[E=]

" =C:D i g™ =2’(§(‘I’T-g$))-‘1’T o

where @ is the rotation of the fibre. It can be shown that this derivative is

objective. The stress update (2) becomes:
1 1/2
[GM ]f,““ - [Gn ]f.“ +[Cn+ ]f.““’z [A‘(:]fi“’f“2 )

The rotation @ (eq. (3)) from the initial known frame {Iio} to the current frame
{f;} has to be determined. From the transformation gradient F, the current

fibre direction f; can be determined. Assuming that the initial position of the fibre
is £,

P
e o]
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The other basis vectors f, and f; of the orthonormal frame {f;} are obtained from
the material transformation of £,":

. E £3-(E £3.1,)
F £-(F £8, )

and f,=f xf,

Then the rotation @ is derived in the following way:
0
@=f, ®f =(f,) 1} ®f] =(f,.1] )] ®f]

The main interest of this approach is that the constitutive matrix in equation (4)
appears in the frame of the fibre and consequently it is directly in its specific form
corresponding to the textile material under consideration. This constitutive matrix
written in the fibre frame can be assumed constant in some cases. Generally it is
not; the transverse behaviour of a fibrous yarn is depending on the strain state.
When using a material user subroutine in a code such as ABAQUS, the strain
increment Ag is given at Gauss points in a frame which is not {f;} but a standard
frame. In the case of ABAQUS/Explicit it is Green-Naghdi’s frame {e;} (e; = R.

¢.). To use equation (4) it is necessary to calculate [Ae] . by a change of basis

corresponding to the rotation ®@.R". In the same way, when the stress update is
performed with equation (4) it is necessary to return the stress components at t**' in
the code’s work frame using an inverse change of basis (corresponding to R.®").

2.4 Constitutive Matrix

Thanks to the use of the fiber frame, the constitutive matrix components along the
fibre direction and the transverse ones can be distinguished.

The fibre direction modulus is obtained by a tensile test on a yarn. It is
considered as constant. The transverse modulus (remember that the transverse
behaviour is assumed to be isotropic) is related to the longitudinal and transverse
strains. If the yarn undergoes longitudinal tension, it becomes transversely much
stiffer. It is also very little stiff transversally when transverse compression is low
and it becomes stiffer as compression increases. The following form is used for
the transverse modulus Er:

Er(c, €11) = Eg + klg; ||C2

where c is a measure of the transverse compaction namely the local cross section
area variation and ¢&; is the longitudinal strain. The coefficient values E, and k
have been identified by an inverse method from equi-biaxial tension tests which
lead to a significant compaction of the yarn [5]. It was shown in [5] that in order to
have a continuum with a yarn type behaviour, i.e. null bending stiffness (or very
low), as it is the case for a bundle of several thousands of fibres because of
relative sliding of fibres, shear moduli have to be null or very low. Poisson ratios
are supposed to be null. The values of the material properties used for the glass
plain weave of this study are listed in Table 1.
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Table 1. Material parameters

Longitudinal Young modulus E1 35400 MPa
Transverse Young modulus 0.2+ 8.104|811|C2 MPa
Poisson ratios 0

Shear moduli 20 MPa

3 Mesoscopic Simulation of the Shear of a a Glass Plain Weave
Unit Cell

The hypo-elastic material model based on the fibre rotation, introduced in
section 2, is used to simulate the in-plane shear of a woven unit cell. There are two
types of objectives for such a simulation. Firstly the macroscopic shear
mechanical behaviour of the reinforcement can be determined, which is difficult
experimentally. The picture frame and bias tests that are used to this aim are
delicate. The mesoscopic simulation can also be performed at the design stage of
the reinforcement. Secondly, it provides local mesoscopic results such as yarn
deformation and shape. These results are very important to perform damage
prediction analyses or to determine permeabilities of the reinforcement.

The fabric studied in this paper is a glass plain weave of which the
specifications are given in Table 2. The geometric model is established in order to
insure its consistency, i.e. there are neither yarn penetrations nor unexpected voids
[6]. The mesh of the yarns is mapped, which allows easily defining the initial fibre
direction. Next, the choice of the unit cell and boundary conditions has to render
the periodicity of the reinforcement. To this end the displacement field is split into
a macroscopic average part and a local periodic part, which easily leads to
defining kinematical boundary conditions for each material point of the boundary.
More details about other requirements can be found in [7].

The material parameters (see Table 1) are determined from a tensile test on a
single yarn for the Young modulus and from an inverse method with an equi-
biaxial tension test for the other parameters. The latter method is interesting to
determine the transverse behaviour because it features significant transverse
crushing of warp yarns over weft yarns. At last, the friction coefficient it set to
0.2, which is a usual value for friction between carbon fibres.

Table 2. Balanced glass plain weave specifications

Weaving Plain weave
Yarn width (mm) Warp: 3,2
Weft: 3,1
Densities (Yarn/mm) Warp: 0,251
Weft: 0,248
Crimp (%) Warp: 0,5
Weft: 0,54
Surface weight (g/m?2) 600




Mesoscopic Mechanical Analyses of Textile Composites 79

Figure 3a shows the shear curve extracted from the computations compared
with the one of an experimental picture frame test. From 35° the stiffness
increases significantly with the shear angle because of the yarn locking within the
woven cell. From this transition, the shear stiffness is related to lateral crushing of
the yarns due to the square geometry turning into a rhomboid one. The agreement
is good, keeping in mind that spurious tensions are very difficult to avoid in the
picture frame test and tend to slightly overestimate the shear curve at large shear
angles. This is the main reason why results may be different from one test to
another.

The deformed cell for a shear angle of 53° is shown in fig. 3b. The local
compaction is plotted and this value can locally reach 39%. Though this deformed
geometry doesn’t suffer any major distortion or defects, it can not be evaluated
further at the moment. It is planed to use tomography as an observation tool of
deformed woven reinforcements in order to compare the obtained images with the
simulated shape.

w

[—Experiment|
s+ Simulation |

Shear torque (N.mm?)

o
-

50 B0

Shear angle (9

Fig. 3 (a) shear curve, simulation vs experiment (b) deformed unit cell with contours of
local compaction

4 Conclusion

A method for the analysis of mesoscopic deformation of woven reinforcements was
presented. A very important aspect is the yarn constitutive model which is based on
a specific transversely isotropic hypo-elastic model developed for large strain
analysis of textile composite reinforcements. It is based on an objective derivative
defined from the fibre rotation. The approach is simple and can be implemented in
any commercial F.E. software. Nevertheless it must be underlined that its
efficiency will depend on the quality of the identification of the constitutive matrix
[C]. Especially the transverse moduli mainly depend on the fibre compaction (i.e.
on strains) and their values are very important for the accuracy of the simulation.
From these analyses, the mechanical behaviour of the reinforcement can be
determined. It is used in several applications like finite element forming simulations
or at the design stage of a fabric. The determination of the deformed geometry of the
reinforcement is another important result since it is useful in fluid flow simulations
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aimed at computing the permeability. It can also be used for damage prediction
simulation.

The results presented are good compared to the experiments. However, further
investigations are needed to evaluate the deformed geometry. This is the point of
the current work in progress using tomography as an observation tool.
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Mechanical Response of Helically Wound
Fiber-Reinforced Incompressible Non-linearly
Elastic Pipes

Paola Nardinocchi, Tomas Svaton, and Luciano Teresi

Abstract. We study the mechanical response of a helically wound fiber—reinforced
incompressible axisymmetric structure under torsion and compare it with the re-
sponse turning out from the classical Rivlin solution of the torsion problem of a
neo-Hookean pipe.

1 Introduction

In the last few years, fiber—reinforced materials have made a new comeback due
to the bio—mechanical involvement. Indeed, a lot of biological tissues are charac-
terized by a material response that is strongly anisotropic due to a fiber structure
which determines the relevant mechanical behavior of the tissue and the problem
of characterizing the behavior of fiber—reinforced media undergoing finite deforma-
tions turns out as a relevant theme in literature [[1]], [2]]. The macroscopic description
of the material response of fiber—reinforced materials is typically given in terms of
a strain-energy function which is dependent on specific deformation invariants [8]].
Moreover, it is usually assumed that such function be additively decomposable into
an isotropic part associated with the isotropic base material and an anisotropic part
accounting for the anisotropic character of the material due to the reinforcement.
Recently, a lot of analysis has been devoted to show as different phenomena related
to fiber—reinforced materials may be captured within this framework [3]], (4], [5]].
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Here, we analyze the mechanical response of a helically wound fiber—reinforced in-
compressible cylindrical structure to torsional deformations. The pure torsional de-
formation has been studied for isotropic and incompressible cylinders by Rivlin [[7]].
We extend the Rivlin’s solution to helically wound fiber—reinforced incompressible
cylinders and cylindrical pipes and study the rich mechanical behaviour due to the
anisotropy induced by the fibers. From our point of view, this is a first step towards
the analysis of the torsional deformation induced during the cardiac cycle in the left
ventricles which may be roughly viewed as an ellipsoid of revolution consisting of a
non-linearly elastic and incompressible material with embedded helicoidal muscle
fibers whose angle changes linearly across the wall (recent studies have shown that
the left ventricular torsion is an important indicator of cardiac function).

2 Fiber-Reinforced Bodies and Torsional Deformations

In 1940s, R.S. Rivlin wrote a short series of papers on the large elastic deforma-
tions of isotropic and incompressible materials with special attention to some simple
problems: flexure, shear, and torsion of cylinder-like axisymmetric bodies. Here, the
Rivlin solution of the pure torsion problem of elastic, incompressible and cylinder-
like bodies is extended to helically wound fiber-reinforced incompressible elastic
pipes and cylinders. The classical Rivlin solution is recovered as a special case.

Let {ej,ez,e3} be an orthonormal basis of the vector space ¥ = T¢&, with &
the three—dimensional Euclidean space, and let % be the orthogonal complement to
span{es} with respect to . In a plane &7 L es let us consider the connected and
compact domain 2 = %, \ A, with boundary 02 = 9%, |JdA, where 2, and the
lacuna A,, if present, are simply connected regions. Fixed an interval .# = [0,h] C
2, we consider the axisymmetric cylinder-like region ¢ = 2 x #; 2 x {0} and
2 x {h} are the bases of ¢, and 02 X .# is the mantle of ¢, eventually given by
the inner mantle dA, x .# and the outer mantle 0%, x .#. Fixed a pole 0 € &, the
place p of any p € € with respect to o is given by the vector field

p=rn(0)+fes, n(0)=cosbe +sinbe,,0<O<2rn,fec.; (1)

moreover, 0 <r <R, when 9 =9,,R; <r <R, otherwiseﬂ. A helix-like fiber of
pitch b is a curve whose unit tangent vector e = &(r,0) at any p € % is defined as

b
&ne)= " nge(0)+
2 (r?+5?)

. 2
24 12) 1 )

So, at any place p of a helically wound fiber-reinforced body %, the material fiber
(p,e) with e as in (@) identifies a locus of material reinforcement; for b = 0 equation
@) defines a circumferential uniaxial reinforcement. An interesting case is repre-
sented by a helically wound fiber-reinforced cylindrical pipe with pitch b = b(r).

! With this, an element p € € is equivalently identified by the place p and by the cylindrical
coordinates (r, 6, ().
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2.1 The Pure Torsional Deformation: Strain and Stress

In [7], Rivlin introduces the torsional deformation € > p — x = f(p) € & of the
cylinder-like body in which planes orthogonal to span{es } remain plane and suffer
only a pure rotation about e3. A concise representation formula for f is the following

f(p) = (I+sinpe; Ae; — (1 —cos@)l)p, @={r, 3)

where e; Ae| = ey, ®e| —e; ®ey, @ is the torsion angle, and 7 is the unit torsion an-
gle. From now on, we parametrize the torsional deformation (@) through the torsion
angle ¢ = ht of the basis 2 x {h}. The geometrical structure of the cylinder-like
body % is retained under the deformation (@) and, denoted with x € ¥ the place of
x with respect to o, it holds:

X=X,+Ce3, X, =r(cosen(6)+singn,g(6)). )

We note that, (x, -x,)'/2 = r, that is, as expected, the deformation (3) preserves the
radius of the cylinder-like body. The deformation gradient F corresponding to (3))
may be represented as

F=F+1x0e;t+es®e;, ®)

with F € Lin(%) and x; € % given by
F=cospl+sing(e;Ne)), X:=e;xx,. (6)

From equations (@) and (@) it is easy to verify that the deformation (3) identically
satisfies the incompressibility condition J = detF = 1. We describe the material
response of the body through the strain energy function

1
11/201(11—3)+Cz(12—3)+2017(14—1)27 J=1, (7

with I} and I, the linear and quadratic invariant of the Cauchy—Green tensor
C = FTF corresponding to F and I, = Ce - e. The strain energy (7) describes the
mechanical response of an isotropic and incompressible base material with uniaxial
reinforcement (see [3]]). The corresponding Cauchy stress is

T =2(y1+11y2)B—2y,B* + 2y (4 — 1)Fe @ Fe — pI, (8)

with yy = g;z =cq, (0=1,2),B= FF7, and W4 = c17; the Cauchy stress cor-
responding to an isotropic and incompressible material turns out by setting Wy = 0
(corresponding to ¥ = 0). We have

2

_ 22 _ r
I =341, I4—l+b2+r2(2+br)br. 9)

The behavior of I, is discussed in figure [l As first, we note on the left that for
circumferential fibers (b/h=0) I4 = 1, that is, the fibers length does not change under
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Fig. 1 I; VS ¢ at r/h=0.1 (left) and Iy VS r/h at $p = 7/2 (centre, log-log plot) for four
different pitch/height ratios: b/h=0 (a), 1/2 (b), 1 (¢), 2 (d). b/h VS r/h (right, log-log plot) to
achieve a constant fiber strain along the radius in a torsion with ¢ = 7/2: I; = 1.05 (a), 1.10
(b), 1.20 (c)

the torsional deformation (3)); otherwise, in a counterclockwise torsional rotation the
stretch of the fibers is monotone increasing with b/h. The log-log plot in the center
of Fig. [l shows the dependence of I4 on r/h for a given torsional angle ¢ = 7/2:
for the pitch/height ratios considered, the fibers’ stretch is quite low for r << h
and, interestingly, has a large plateau for » >> h. It is worth noting the possibility
of winding the fibers around the cylinder with a variable pitch so that, for a given
torsion, the stretch remains constant along the radius; right plot in Fig. [I] shows
pitch rate b/h versus r/h that realize three different constant stretches in the fiber for

o=m/2.

2.2 The Balance Equations and the Stress Field

The peculiar geometric structure of the body suggests to using the additive decom-
position introduced in the representation formula of the deformation gradient F and
writing the Cauchy stress as

T=T+2sym(t®e;) +oe; D e;, (10)

in terms of the plane stress component T € LLin(% ), the plane tangential stress
vector t € 7/, and the axial stress component o € Z#. The standard balance equations
of mechanics may be decomposed in agreement with the geometrical structure of €
into a plane vector component and an axial scalar component as

divi+t =0 and o' +divt=0, (11)

respectively, where div is the divergence operator in %/ and a prime denotes the
derivative with respect to {. When T is given by the equation (8), we find:

T=(—p+2(y1 + vl — )T

_ 1+b1)?
+ (212W1+2llf4(14—1)< )

(2 402) %0 E% (D)
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Fig. 2 Inflating pressure VS b/h for three different torsion angles: ¢ = /6 (a), n/4 (b), ©/2
(c), with R, /h = 0.5, R;/R, = 0.5, y =1 (left). Inflating pressure VS b/h for three different
aspect ratios of the pipe: R,/h = 0.1 (a), 0.5 (b), 1 (c), with R;/R, = 0.5, y=1, p =1/2
(right)

(1+01)

t:2((1/fl+1//2)r+21114(14—1)b<b2+r2))xj§, (13)
2
0=—p+2(y1+2yp) +2Ws(ls — 1) B2+ (14)

So, it is easy to check from equation (I3) that divt = 0 and t' = 0; moreover,
equation (I4) shows that 6’ = p’ and equations (IT) yield

2

gradp = —(2(y1 — 2yn) 72 + 20b7(1 + b1)(2 + b7) (bzirz)z)"“ (15)
_p =o0. (16)
With this, we have that p = p(r) and
p(r) = po— (y1 —2yn) T
- 1/74br(1+br)2(2+br)(b2jr2 +log(b* +17)), (17)

with p, determined by the boundary conditions. One of the goals of the work of
R.S. Rivlin ([[7]]) was to find which kind of tractions, if any, should be applied on the
boundary of the cylinder-like region ¢ which were consistent with the torsional de-
formation (3). He found that a no—traction condition on d %, x .# is consistent with
a pure torsional deformation; but, a pressure field ;m has to be applied on dA, x .#
if the lacuna A, is present. For a helically wound fiber-reinforced cylinder—like re-
gion, we find analogous results. In absence of the lacuna A,, the no—traction condi-
tion Tm = 0 on 0%, x .# may be written as Tm = 0 on 02, x .#; then, equation

(T2 turns out

Po = 2(‘/’1 + 2‘/’2) + TzR(z)

Vi
2

R +log(b* +R2)); (18)
o

+ P bt(2+b7)(1+b1)%(
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and, with this, the Cauchy stress is completely determined. In presence of the lacuna
A,, the no—traction condition on 0%, x .# is still consistent with the pure torsional
deformation (B) and determines completely the Cauchy stress. Thus, it happens that
on the boundary dA, X .# there is a traction field Tm = —P;m different from zero
with

A

P=vyi(R R (?)?

h
R} — R} P*+R2N\b . b b

_ b2 i 4 1 0 H(1 AN2 ) 5). 19

+""‘( (b2+R§)(b2+R3)+0g,,2+Riz)h<P( +, 02+, ). (19

It means that a pure torsional deformation can be maintained on a cylindrical pipe
iff on the inner mantle a pressure constant field P, = B(R;,R,,b,7T,cy,7) is ap-
plied. The pressure field P, is a fourth order polynomial function of @, is a non
monotone function of the pitch ratio b/h, and contains a stiffness term depend-
ing on the geometric characteristics of the pipe R,/h, R;/h. Figure @l summarizes
the interesting features of P; the non dimensional ratio P;/c; versus b/h is repre-
sented in a log-log plot for three different torsion angles (left) and for three dif-
ferent aspect ratios of the pipe (right). On the bases of the cylindrical structure,
we find a traction field T+re; = o1e3 +t. with o4 and t1 denoting the values at-
tained by the corresponding fields o, and t on the bases 2 x {h} and 2 x {0},
respectively (and Ty is the corresponding Cauchy stress field on the basesﬁ. The
Rivlin’s result may be recovered by setting W, = 0 in the equations (I'7)) and (19).
Moreover, we note that for » = 0 (circumferential fibers) the stress T due to a
pure torsional deformation does not depend on Wy. It means that circumferen-
tial fibers does not reinforce the cylindrical structure with respect to a torsional
deformation.

3 Stress Resultants and Torsion Tests

We measure both the torque due to the tractions t+ inducing the torsional deforma-
tion and the axial force due to the restrained axial displacement of the structure. The
aim is the evaluation of the dependence of the torque M = Me3 and the axial force
N = Nej3 on the torsion angle @, on the modulus y and on the pitch b of the helix for
different cylinder—like structures. The torque and the axial force are determined by
the scalar fields

M:/ X, X tdx,-e3, and N:/ odx,. 20)
P P

2 Their role is well different: the axial stress 0. are reactive stresses corresponding to
the kinematical constraint on the axial displacement; the tangential stress ti represent
the stress fields to be applied on the bases with the aim to produce a pure torsional
deformation.
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Fig. 3 Torque VS ¢ for different fiber stiffness: y =0 (a), 0.1 (b), 0.5 (c), 1 (b) (left); Torque
VS b/h for different aspect ratios of the cylinder: Ro/h=0.1 (a), 0.5 (b), 1 (c) (right)

By using equations (), and (13), we find
R R b b
— 3 0 A 4 A A ~
M—ﬂRm(h ¢+8Vhf(Ro,b)¢(1+h<p)(2+h<p)), 1)

with
b? b R2 4217
2108 o T o Ry
R? b>+RZ  2(b*+R2)
In 1), the first addendum is the torque competing to an isotropic and incompress-
ible cylinder, a linear function of ¢, corresponding to the Rivlin solution; the second
addendum defines the correction due to the presence of the helicoidal fibers. The de-
pendence of the dimensionless torque M = M/ 77:R(3,c1 on the relevant parameters is
shown in figure Bt M (@) is an increasing monotone function with respect to ¢ and
y (left); more interesting, for any given @, M is not monotone with b/h, and the
maximum depends on R, /h, a parameter measuring the slenderness of the cylinder
(right). As far as the axial force N is concerned, we find

f(R(ub) = (22)

1 R R
N = —271:R(2,c1( ho)zq)z

R b, 1 b,
+ 272 792+ ) @) (g1(Rosb) — (14 02 iRoib))  (23)

with
2

R
fl(Rmb) = 2f(R07b)a gl(Rmb) = 2(b2iR2) _f(Rmb) .

The first row of equation (23)) defines the axial force competing to the isotropic and
incompressible cylinder; as it is expected, in the linear approximation (that is, for
small @) this term goes to zero. The second row gives the contribution to the axial
force due to the anisotropy; it is worth noting that such addendum is different from
zero in a linear theory. Figure M shows the dependence of the dimensionless axial
force N = N/mR>c on @ for different b/h, and for cylinders with R, /h = 0.5 (left),
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Fig. 4 Cylinder. Axial force VS ¢ for different pitch/height ratios: b/h=0 (a), 0.1 (b), 0.5 (¢),
1 (d) (left). Axial force VS pitch/height at ¢p = 7/2 for different aspect ratios of the cylinder:

Ry,/h=0.1(a), 0.5 (b), 1 (c) (right). y= 1 in both plots
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Fig. 5 Pipe. Torque VS ¢ for different fiber stiffness y =0 (a), 0.1 (b), 0.5 (c), 0.6 (d). Right:
Torque VS pitch/height for different wall thickness of the tube: Ri/Ro=0.1 (a), 0.5 (b), 0.6
(c); Ro/h=1, y=1, ¢, = /2 (right)
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Fig. 6 Pipe. Axial force VS ¢ for different pitch/height ratios: b/h=0 (a), 0.1 (b), 0.5 (c), 1
(d), with R,/h = 0.5, R;/R, = 0.2 (left). Torque VS b/h for different wall thickness of the
tube: R;/R, = 0.1 (a), 0.2 (b), 0.3 (¢), with R, /h = 0.5, y =1, ¢, = /2 (right). y =1 in both
plots



Mechanical Response of Helically Wound Fiber-Reinforced Incompressible 87

and N on b/h for different slenderness parameters, at ¢ = /2 (right). The same
analysis is performed for a pipe; in such a case, while M () is always an increasing
monotone function with respect to ¢ and v, Fig. (3 left), more interesting in a pipe
is the behaviour of M with respect to b/h at a fixed ¢ and v ((3), right); as figure (@)
evidences, it exists a specific and small range of b/h where M attains large values,
actually independent on the ratio R;/R,. Dependence of the dimensionless axial
force N on @ or on b/h is very similar for cylinders and pipes, cfr. Fig. @) and (@).
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